2.2 The Inverse of a matrix

Motivation

Reclnumbers: X =06 = X :S

Slow motion: aX =50

Suppose a~! is some number for which a 'a = 1.

aX =0
a(aX) = a7 1(b)
(a™la)X = a™'b

1X = a1t

X=alb — 2



matrices: AX =B

Suppose A~! is another matrix where
A 1A =1.



Definintion Suppose A is an n Xn matrix

(square).

If there is another n xn matrix A~! such

that

A'A=1T AND AAl'=1T

then A is called invertible with inverse A~ !.

If such a matric A~! does not exist, then A

is called

not invertible or singular




How to Find A™! (if it exists)

EX (Slow motion)

{3 7]

Is there a matrix A~! where AA = A1A=17

AA L =T
12[4q]_10'
34|l 0 1|
1 2] - 1] [12] - 0
1= Cy =
3 4 0] [34 1
2 i1 12
34:0 34:1
NS
3[12:10
34:01

0 -2 : -3 1| -3R1+R2



So

Summary:




1 20|
EX A=|_921 1

0 51|

Find A! ifit exists.

AA™Y = 1

1 20]100]
2 | —211]010
0 51001

(120100]
1 |051]210| 2R +R
051001

(120 1 0 0]
051] 2 1 0| —Ro+ Ry
000 -2 11

This matrix tells us that there is no matrix
A~ where AA7! = 1.

A is not invertible (singular)
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A Formula for 2 x2 Matrix Inverses

—cR; —ca —cbh —cC C
_ a b abi1l0 alRs ac ad 0 C
led||ediot S
Add 0 ad—bc —c C

a b : 1 0
0 ad—bc ¢ —c a

For A~! to exist, we need ad — bc # 0

ab i 1 0

. —c a
0 1: ad—bc ad—bc

U One more step to row reduce

. d —b
10 : ad—bc ad—bc

H —C a
0 1: ad—bc ad—bc




d —b

A—l _ ad—bc ad—bc
—c a
ad—bc ad—bc
OR
A
PR d—b| |ab
T ad—bc

—Cc a c d

(1) Reverse diagonal entries

(2) Change sign of the nondiagonal entries

(3) Multiple by adibc

1 2
2 06

OR A=

det(A) = ad — be = (1)(6) — (2)(2) = 2

6 —2 3 —1

A7l =
1
—2 1 —1 !

1
2



Using A! to Solve AX =b

EX
X, + 3X, = 1
2X, + 4X, = 6
(13] [x ] 1
(2 4] | Xy 6
13 (13] [x1] 1 ) 1
( )~ = ( )~
2 4 (2 4| | X, | 2 4 6
(10] [x] ) 4 -3 1
01 | X DO-006) | 5 4 6
x| |- B 7
| Xy | Z o4 —2

The soln. X1 =7,X9=-2



Properties of Matrix Inverses

(1) If A is invertible , then AX = is consistent with

exactly one solution .

X=A"
(2) If A is invertible with inverse A~!, then A™! is also
invertible (A1)t = A

AA L =T
A~! is the inverse of A

A is the inverse of A1

(3) If A,B are two invertible n x n matrices, then AB

is another invertible matrix with
(AB)_1 — B 14!
(AB)(?) =1
(AB)(B_lA_l) = A(BB_I)A_1
= A(I)A_1

= AA!
=1
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(NAB) =1
(B'AY(AB) = B Y(A'A)B
— B YI)B
- BB
.

So:

(4) If A is invertible, then so is AT and (A7) = (A~1)T
Check:

AT(A_l)T — (A—IA)T

(A)TAT = (AA)T = ()T = 1

Page. of transpose (AB)T = BT AT
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