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ABSTRACT. In this paper, we study the Cauchy problem for a generalized inte-
grable Camassa-Holm equation with both quadratic and cubic nonlinearity. By
overcoming the difficulties caused by the complicated mixed nonlinear struc-
ture, we firstly establish the local well-posedness result in Besov spaces, and
then present a precise blow-up scenario for strong solutions. Furthermore, we
show the existence of single peakon by the method of analysis.

1. Introduction. In this paper, we consider the following partial differential equa-
tion with both quadratic and cubic nonlinearity

1 1
e = g (0 = ym), + koo + ), = u =, (1)

where k1, ko are arbitrary constants. Eq. (1) was first proposed by Fokas in [15, 16].
Very recently, it has been shown that Eq. (1) has a Lax pair, and can be written
as bi-Hamiltonian structure [29]

0Hq 0Ho
= Ki
sm m’
where )
J = k10md~'md + 5kZ(am +md), K=09-0°,

and two Hamiltonians are

1
H, = 7/(u2 + u?)dz,
2 Jr
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and
1 1
H, = 3 /(k1u4 + 2k1u2u925 — gklui + 2kou® + 2k2uui)dx.
R

Thus, Eq. (1) is completely integrable.

Obviously, for k1 = 0,ke = —2, Eq. (1) is reduced to the Camassa-Holm (CH)
equation [3, 17]

my +umg + 2u,m =0, mM=1uU— Uyy,

which describes the unidirectional propagation of waves at the free surface of shallow
water under the influence of gravity [3, 4]. wu(t,z) stands for the fluid velocity at
time ¢ in the spatial z-direction, x € R, and m(¢, x) represents its potential density.

In the past few years, a large amount literature has devoted to the investigation
of the CH equation, because it can describe both wave breaking phenomenon [5, 8, 9,
14, 24] (the solution remains bounded while the slope of u(¢, z) becomes unbounded
in finite time), and solitary waves interacting like solitons [3, 11, 12, 13, 25]. The
well-posedness of the CH equation has been shown in [21, 24, 31] with the initial
data ug € H*(R), s > 2 . In particular, Danchin [14] has dealt with the initial-value

problem of the CH equation for the initial data in the Besov space B, ., with 1 <
p,r < 400, > max{l + %, %} However, the Cauchy problem of the CH equation

is not locally well-posed in H*(R),s < % Indeed, the solution can not depend
uniformly continuously with respect to the initial data [21]. On the other hand,
the CH equation has the peaked solitions (peakons) of the form ¢, (t,z) = ce~l*=¢!l
with the traveling speed ¢ > 0. For the peakon solution, we know that it replicates a
feature that is characteristic for the waves of great height-waves of largest amplitude
that are exact solutions of the governing equations for water waves [6, 7, 10, 33].
Constantin and Strauss [11] gave an impressive proof of stability of peakons by
using the conservation laws.

For k1 = —2,ks = 0, Eq. (1) becomes the following FORQ equation with cubic
nonlinearity

my + ((szui)m)w =0, M=1U— Ugg, (2)

which was derived independently by Fokas [15], Fuchssteiner [19], Olver and Rose-
nau [26], and Qiao [27]. Eq. (2) regains attention due to its cuspon and peakon
solution property and Lax pair [27], which may allow the initial value problem of
(2) to be solved by the inverse scattering transform (IST) method. Unlike the CH
equation, Eq. (2) admits not only new cusp solitons (cuspons), but also possesses
weak kink solutions (u, u,,u; are continuous, but u,, has a jump at its peak point)
[28, 29]. Tt also has significant differences from the CH equation about the dynamics
of the two-peakons and peakon-kink solutions [29]. Recently, the so called ”white”
solitons and ”dark” ones of Eq. (2) have been presented in [32] and [22], respectively.
In [2], the authors apply the geometric and analytic approaches to give a geomet-
ric interpretation to the variable m(t,x) and construct an infinite-dimensional Lie
algebra of symmetries to Eq. (2). In [20], the authors consider the formulation of
the singularities of solutions and show that some solutions with certain initial date
will blow up in finite time, then they discuss the existence of single peakon of the
form p.(t,z) = :I:\/%e_h_cﬂ,c > 0, and multi-peakon solutions for Eq. (2). Very
recently, the orbital stability of peakons for Eq. (2) has been proven in [30].

In the present paper, motivated by the study of the CH equation [14], our main

work is to prove the local well-posedness to the Cauchy problem (1) in the non-
homogeneous Besov spaces. However, one of the differences with [14] is that we
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are required to deal with cubic nonlinearity in Besov spaces. Moreover, the term
"m,u2” makes us have to solve a transport equation satisfied by m, rather than
u. In contrast to the case of the CH equation with initial data ug in the Sobolev
space H*(R),s > %, we can only prove the well-posedness result with the initial
profile ug in H*(R), s > g In our procedure, we have overcome the critical index
case by the interpolation method when we applied the transport theory to Eq. (1).
Another one of the differences with [14, 18] is that Eq. (1) possesses the complicated
mixed structure nonlinear structure (with both quadratic and cubic nonlinearity).
To get the uniform boundedness of the approximate solutions {u(”)}neN, we have
to handle the quadratic and cubic nonlinearity together in Eq. (1). To overcome
these difficulties, we need to consider two cases: the small initial data and the large
one. Then with the local well-posedness result, we may naturally present a precise
blow-up scenario to Eq. (1) by combining the blow-up criterion of the CH equation
and the one of Eq. (2).

The entire paper is organized as follows. In Section 2, we present some facts on
Besov spaces, some preliminary properties and the transport equation theory. In
Section 3, we establish the local well-posedness result of Eq. (1) in Besov spaces. In
Section 4, we derive a blow-up scenario for strong solutions to Eq. (1). In Section 5,
we show that the existence of peakons which can be understood as weak solutions
for Eq. (1).

Notation. In the following, we denote C' > 0 a generic constant only depending on
p,7,s. Since our discussion about Eq. (1) is mainly on the line R, for simplicity, we
omit R in our notations of function spaces. And we denote the Fourier transform
of a function u as Fu.

2. Preliminaries. In this section, we will recall some basic theory of the Littlewood-
Paley decomposition and the transport equation theory on Besov spaces, which will
play an important role in the sequel. One may get more details from [1, 14].
Proposition 1 (Littlewood-Paley decomposition, [1]). Let B := {¢ € R, [¢] < 3}
and C := {€ € R, 3 < [¢] < §}. Then there exist ¢(€) € C=(B) and p(€) € C=(C)
such that

PE+) p(27%) =1, VEER

qeN
and
Suppp(279-) N Suppp(2™7-) =0, iflg—4q'[>2,
Suppp(-) N Suppp(2™1) =0, ifg>1.

Then for all u € §' (S denotes the tempered distribution spaces), we can define the
nonhomogeneous Littlewood-Paley decomposition of a distribution u.

u= Z Agu,
q€Z
where the localization operators are defined as follows:
Aju:=0, forq<-2, A_ju:=¢(D)u=F '(Fu),

and

Agu = p(279D)yu = F 1 (p(279%€)Fu), forq>0.
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Furthermore, we can define the low frequency cut-off operator S, as follows:

qg—1
Squ = Z Aju=(279D)u = F 1 (1p(279€) Fu).

i=—1

Definition 2.1 (Besov spaces, [1]). Let s € R, 1 < p,r < co. The nonhomogeneous
Besov space B ,.(R) (B; . for short) is defined by

B, :={uc S'(R); [ullBs, < oo},

where
‘ 1
(2 27| Aqul[fp) 7, 7 < oo,
lullsy, =4 %,
pr sup 29° || Aqul| e, r = o0.
q€Z

If s =00, By, := () B,
seR
In order to state the local well-posedness result, we need to define the following
spaces.

Definition 2.2. Let T > 0,s € R and 1 < p < co. We define
s o . RS 1 . ps—1
E, (T):=C([0,T]; By, )N C([0,T]; B, "), forr < oo,
S R e's) . S . . ns—1
Eppo(T) = L*([0, TY; Bp’oo) N Lip([0, TY; Bp’oo),

and

By, =) Ep.(T).
T>0

Next, we list the following useful properties for Besov spaces.

Proposition 2 ([1, 14]). Let s € R, 1 < p,r,p;,r; < 00,i=1,2. Then

(i) Density: if 1 < p,r < oo, then C° is dense in B, ..

(L_L
1) Embedding: B2 < B, 7(»“ P27 forpy < py and 1 <79,
p2,72

p1,71

B2, = Byl locally compact,  for s1 < sa.
i) Algebraic properties: if s > 0, B . N L>® is an algebra. Furthermore, BS . is

b, D,
an algebra, provided that s > % or s > % and r = 1.
(iv) Fatou lemma: if {u™},en is bounded in BS,. and tends to u in S', then
u € By .. Moreover,
lulls,, <lim it [u®]5, .

(v) Complex interpolation: if uw € Bpl. N By, then for all § € [0,1], we have

p,'f‘?
981+(179)82
,T

uc By . Moreover,

] 1-6
lall goey +a-0re2 < Iall e [lull 522"
(vi) One-dimensional Morse-type estimate:
1) If s >0,

[[uv]

By, < C(lulls Nvllze + llullLe|v]B;s )
2) If s1 g% , Sg > %(52 > % ifr=1) and s1 + s2 > 0,

[uv]l gz, < Cllullpg, vl 552,
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where C' is a constant independent of u and v.

(vii) Action of Fourier multipliers on Besov spaces: let m € R and f be a S™-
multiplier (i.e., f : R — R is a smooth function and satisfies that for each multi-
index «, there exists a constant C, such that [0°f(€)] < Cu(1 + €)1l for
V¢ € R.) Then the operator f(D) is continuous from B, to By7.™.

Now we state the following transport equation theory that is crucial to prove
local well-posedness for Eq. (1).
Lemma 2.3 (A priori estimate, [1, 14]). Let 1 < p,r < 400 and s > — min{%, 1-
%}, Assume that v be a function such that dyv belongs to L*([0,T]; Bs,') if s >
1

1+ % or to L'([0,T]; Bf» N L) otherwise. Suppose also that fo € By, F €

LY([0,T); By ), and that f € L>([0,T}; Bs,) N C([0,T];8’) be the solution of the
one-dimensional transport equation

Of+v-0.f =F

L 9 3

AN )

Then there ezists a constant C' depending only on s,p,r such that the following

statements hold for t € [0,
(i) Ifr =1 ors7é1+%,

t t
1 )llss. < Ifolls;, + / |F(r) |5y, dr +C / V() ()3 dr,

or
I£)ag, < VOl ol + [ VO F(r) g ),
where t 1
vy = [ B0y an s <1,
Jo 100(7, )| g2, s>1+1.

(ii) If s <1+ 1, and 9, fo,0,f € L([0,T) x R) and 8, F € L' ([0, T}; L), then
£ @)llss, + 100 F(1)]| e

t
Secv(1t)(||f0| B, + 102 foll Lo +/0 e*CV(T)(||F(7-)|

By, + 0 F(7)]| Lo~ )dT),

P,

here V(1) = [F|0g0(T, )| 1 dr.
uhere V(o) = [ 100r )] s dr
(i) If f = v, then for all s > 0, the estimate in (i) holds with

t

V(t) = Jo 10z0(7, )l L dr. /
(i) If r < oo, then f € C([0,T]; B; ). If r = oo, then f € C([0,T]; B, ;) for all
s <s.
Lemma 2.4 (Existence and uniqueness, [14]). Let p,r,s, fo and F be as in the

statement of Lemma 2.3. Suppose that v € LP([0,T]; B3 ) for some p > 1,M >0

N oo
and ,v € L'([0,T]; Bf,osNL>) if s < 14, and d,v € L*([0,T]; By ') if s > 14
ors=1+ % and r = 1. Then the transport equation (3) has a unique solution f €
L>=([0,T]; By ) N\ Q C([0,TY; B;:l)) and the corresponding inequalities in Lemma

2.3 hold true. Moreover, if r < oo, then f € C([0,T]; B, ,.).
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3. Local well-posedness. In this section, we shall study the local well-posedness
of Eq. (1) in the nonhomogeneous Besov spaces. At first, we present a priori esti-
mates about the solutions of Eq. (1), which can be applied to prove the uniqueness
and continuity with the initial data in some sense.

Lemma 3.1. Suppose that 1 < p,r < oo and s > max{2 + 7, 273 — 1} Let
u u® e L]0, T]; B, ) N C([0,T];S") be two given solutions to Eq. (1) with
initial data vV, ul? € Bf, . and let u'? = u® — M and M2 = m®? — MmO,
Then for all t € [0, T] we have

1) If s > max{2 + + 72,3—1} ands;éél—i— , then

2
Bgm

2]

12)
El<w<n@¢wm04wwWﬂ%%+m@vn
+ M (@)lsy, + 4 (7)1, )dr}.
2) Ifs:4+%, then

042 5y <Cll™ [ ()

By, +lu®|

t
B;gl-aeqﬂec[/knuﬂwrm%s
s 0 b,
+ @@l + 1@ Dlls;, + W (Dllz;, )dr),
with 6 = 5(1 — 55) € (0,1).

Proof. Tt is obvious that u('?) € L=([0,T}; By ) N C([0,T];S") and u(1?) m(12)
solves the following transport equation

k k
mi'? — (T M)? = ())) + Fu}mi® = F(t,z), t>0,2€R,

m? |,_g= méu) = m(()Q) - mél)v m=u = Uza, TER,

(4)

where F(t,z) := %[u(m) (u +u)) - ugm( (1) 4 4,8 )]3 m® + ky [ub (12) (m®)2 4
uQ)m(”) (m® 4+ m®)] + %u(u)mg) + kgu;(c )m(Q) + kgug(c ) (12)
Applying Lemma 2.3 to the transport equation (4), we have

e [ 1)

+c/ ()2 — (w2 + u®)]| 5. 3|\m<12>||Bs sdT. (5)

12
2| s <[|mg)|

| B;‘ngT

Indeed, if max{2 + %, 5} <s<3+ %7 by Proposition 2 (vi), we get
I ()| gg-s <CUIMP (@D +u®) =l (ul) + u)]0,m | o-s
[l ()2 s + ufVmD (D + m @) s
+ ”u(lQ)m;Q) + USZ) (2) + u(l 12)| - 3}
<O g I () ) — D D)+

+ Hu(m)HBS*g'H(m(g))2||]3;;2+”m(12)||B;;3||uc(cl)(m(1)+m(2))|
(12) |

s—2
Bp,r

+ Im?|

B2 + ||u§512)|\B;;3||m(2)|

B§ 3Hu 32;2

+ ||m ||Bf,;3||u§sl ||Bf,;2}~
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Since s > max{2 + %, g}, we know that BZ;Q is an algebra. Thus, we deduce

()]

prs < Ol o (@ 3y + 13, + @55, +[u®]s5,). (©6)

For s > 3+ %, the inequality (6) also holds true in view of the fact that B;;?’ is an
algebra.
Note that

1(™)? = ()2 + a2

<O | gy (@ 3y + @13, + 655, + [0?]15;,).

By
Therefore, inserting the above inequality and (6) into (5), we obtain

t
12
o2 gy <l g+ C [ 2y

p,T

x (D3, + @, + a5, + (4@ 5, ldr.

Then, by Gronwall’s inequality, we prove 1).
Since we can not apply Lemma 2.3 to (4) for the critical case s =4 + 11;, we here
use the interpolation method to deal with it.
In fact, we can choose 6 = (1 — %) € (0,1), such that s — 1 = 3 +

(1-0)(4+ %) +0(2+ %) Then, by Proposition 2 (v), we have

1
P

(12) L (12) (12) 6 (12)(]1-0
[t ga-2 = [l 2 < lu IIBitﬁl\u [ s

Then, from the obtained result of 1) in this lemma, we get

2p 2p

t
(12) (12) (1) 2 (2) 12 (1)
a2y <™ 2. gy exp(C / e L e L P

0@ g ) % (D) + @] g )
By P By P By, P

t
12 —
<Ol s (a5, + a5 )7 exp{6C / (@)%, ,

+ [ @)IE, D (s, + 16 ()]sy, )T}
This completes the proof of Lemma 3.1. O

Next, we use the classical Friedrichs regularization method to construct the ap-
proximation solutions to Eq. (1).

Lemma 3.2. Suppose that p,r and s be as in the statement of Lemma 3.1, uy €
B;)T and u® := 0. Then there exists a sequence of smooth functions {u(")}neN €
C(RT; B;??r) solving the following transport equation by induction

n+1 kl n n k2 n n+1
m" Y (™) — @)+ Fumg Y =
klu;in (m(™)? 4+ kgufcn)m("), t>0,x €R,
u ) o= ul" (@) = Spauo, zeR.

(7)
Moreover, there exists a T > 0 such that the solutions satisfying the following
properties.
(1) {ul™}nen is uniformly bounded in E3 .(T).
(2) {ul™ }nen is a Cauchy sequence in C([0,T]; Bi,1).
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Proof. By the definition of Sy, we know that all the data S,i1ug € B Thus,
from Lemma 2.4, we deduce by induction that for all n € N, Eq. (7) has a global
solution belonging C(R*; B;S,.).

For s > max{2 + 11;, g, — %} and s # 4 + zlz’ by Lemma 2.3, we obtain

o[t (M))2 _ ()2 () od
||m(n+1)||B;’_r2 <e Jo M@ty =(@5™) +ut (1) g2 "

||mO||B;;2

t r n n n)| (! /
+0/ O M) =) 4 ) e
0

X ) (m™)? + ™|

B;;‘;?dT)- (8)
Since s > 2 + %7 we know that B;;2 is an algebra. Thus, we have

1 (m )2 4 ™)

gz <COllul]

g2 (102 + [(m ™)

<C(u™ |, + ™, ),

B;:)

and
12 = (@) s < OB+ 55 ).
Inserting the above inequalities into (8), we obtain
C [Ha™ 12s +lu™ || g d
P T

t t (n) 2 (n) ’ ’
+C/ LUy +u™ sy ) () dr
0

x (™, |+ 1™

3, Jdr. (9)

In order to prove the uniform boundedness of {u(™},cy, we shall divide our
discussion into two parts. When 2||ug[|p; < 1, we choose a T; > 0 such that

1 —2||ug|| B= 1
Ty < min{ ——&~ —1},
1 mln{ 8CHUO”B;T 40

and suppose by induction that for all ¢ € [0, T1]

[, < —tollns,

pr— 1 — 8CHUO

: 10
o (10)

1-2]luoll sy,
———2", we have
8CTuollss .

2fuoll B ..

NOting that ¢ S T1 < W < 1. By (10), we obtain
p,T

2 s 2 s
oo, p ol
B;,rt -1 _8CHUO

2||uoll By,

o
HU HB B;Tt = (1 — SCHUO

<
pr— ] —SCHUO

Bt
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From (11), we can deduce that

t
c / (Ju™|

! 2fuollB, s 2uollB;,,
<c [ 11 ) e yar
1

2.+ u)

B;J)(T’)dT'

]-_8C||UOHB;T7—/ 1_80HUOHB;7T7—/
t —8C]uo

<

- 2/T 1—-8C|luol B, 7’

—In \/1 —8C|uollp;, 7 —Iny /1 — 8C|lug| 5 .

Inserting the above inequality and (11) into (9) yields

s
BPyT

dr’

Uo||Bs . C t
Hu(n+1)||BZT < [[wol B.r + {/ 178C’Hu0|Ber
, \/1—80\\u0|B;Tt \/1—80Hu0||B;Tt o V ,
2ljuollBs, 2 2||uolB; .

3)3 1 )2
1—80|\u0\|35)g) ) ((1—8C||u0||35;) ) lydr

[[uo] B, /t ACluo| 55 ,
7\/1_80\\u0||357¢ \/1—80\|u0||357¢ o (1-8Cuop; )2

x [((

B, [[uo|

1 /t 2C|uol| B,
+ : Tdr
/1— 8C||uo|| Byt /o (1= 8Cluol| s, 7)>
[uollB;.,. luollB; . 1
< - 2t [(1 = 8Cfuol 55, 7) 2 [o]
\/1 —8Cuol|; , ¢ \/1 —8C|luol| 5 t
1 1 1
+ [=5(1 = 8Cuolls;, 7)2 o]
A /1 — SCHUOHB;YTt
uol|Bs 1 1
< [uolls;, 1+ 1)+
V1-8Cluollz; 0 /1-8Clluolls; 1 J1-8C|luo]| 5, t

1
x 5(1=4/1=8C]uol 5; 1)

2||uolls;,,

- er 12
—1- 8C||’LL0||B;'Tt ( )

where we used the following fact that

s
B; ..

L1 [[uol
T« Lo Moo 10l 0 < ’
iaC 2 : 1—-8C|uollBs, ¢t

in the last inequality. Thus, we prove (10) for the case 2[[uo|[p; = < 1.
On the other hand, when 2|lug| By, = 1, we choose a T, > 0 such that 75 <

1—e !
2 <
T6C Tuoll%

16CHu10H2 , and suppose by induction that for all ¢ € [0, T3]
BS .

Hu(n)HB"‘ < 2””0”3;,7«
D

< (13)
\/1 —16C|uo|

2 t
B; .
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2ljuollBg .

+ > 1. From (13), we obtain
(-16C uolly, 0

Noting that 2[uo| 5, > 1, we get

(n) 2||uol|B;.,. 2[|uo|| B, 3
lu™ |y, < < ; )
\/1 — 16C uo|%. ¢ \/1 —16C|uo %, t
21| s
< (A )2, (14)
\/1 —16C[uol}, ¢
By (14), we find that
t
C [ (g, + 1, ) ()
¢ 2||uo || 5= A|uo B
SC/{( || 0| D, 2+ p,2r /}dT/
. \/1 —16C|uo|l3. T 1 —16C|ug Bs T
p,T

_ 2
L el
- 2/, 1-16C|uol|F. T

—In \/1 —16C|ug|f%. T —In \/1 — 16C||ug|/3. t.

Inserting the above inequality and (14) into (9), we obtain

Uol||Bs C ¢
L - ([ /16Tl -
’ \/1—160||u0|2,35 t \/1—160||u0||25 t Jo
p,T p,T
2||u Bs . 2||u Bs
|| 0| BT 3+ || O| B )%)2]}617'
\/1—160\\u0\|235 T \/1—160||u0||235 T
l[uollB; . l[uollB; . /t 16O||U0H2B;,,.
<S T
ST 160wl ¢ /i16CT ol t Jo 1=16CT ol 7)
uollBs,,
< = [1 —In(1 - 16C]|uol| B, 7)lo]
\/1—160||u0|235 t ”
2 U ||Bs
luol 55, (15)

- \/1 —16C|uo||3. t
where we used the following fact that

1—e !

Ty < — —
> = 16C|u|

>— =1—In(1 - 160||u0||2B;_Tt) <2,
B;,r ’

in the last inequality. Thus, we prove (13) for the case 2[[uo|[p; = > 1.

Therefore, from the above discussion of the two cases, choosing T' = min{Ty, T} >
0, combining (12) and (15), we have proved that {u(™}, ¢y is uniformly bounded in
C([0,T]; By ,.). Using Proposition 2 (vi) and the fact Bj? is an algebra as s > 24—%7
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we have
@) = @)2) 4+ a0 4l ()2 ™)
<C{lIm& g (1™ g2 + 1) g-2) + ™)

18 s (1) o2+ [ s 2}
<Clu gy (1@, + [a a5 ) + (™,

s—3
By r

B;;Q]

a3 ).

r

From Eq. (7), we get 9ym"*Y) € C € ([0,7T]; B;3?). Hence, du"tY) € C ¢
(10,7]; B5,!) is uniformly bounded, which yields that the sequence {u(™} e is
uniformly bounded in E; (T').

Now it suffices to prove that

{u™},cn is a Cauchy sequence in C([0,T]; B:h.
Indeed, from Eq. (7), for all n,l € N, we have

-2

()% — (ufrH)?) + %u("“>]}(m<n+l“> - m!"t) = G(t, ),

where G(t,z) := {%[(u(n-i—l) — uM) (D 4y () — (ugcnu) _ u;n))(u;ml) + u&”))]
+ %(u(n-l-l) — uM)gymntD 4 klugcn+l)(m(n+l) —m™)(m™+D 4 () 4 kl(uj(vn+l)
_ u;"))(m(n))Q + k2uf(ﬁn+l) (m(n+l) — m(n)) + k2(u;"+l) _ u;n))m(n).

Applying Lemma 2.3 again, for all ¢ € [0, T], we have

[ D () (16)
p,T
C [t (n+0)\2 _ ¢, (n+l) 2+ (n+1) o od
<e Jo M) = () 4wt RNl g T(||mén+l+l)—mé"+l)||B§TrS

x [|G(7)]

t

—C [ Mum )2 — (@)D ()| o odr!

+C/ e Jo Bpr pe—3dT).
O p,T

Similar to the proof of the estimate of ||F(7)HB;;3 in Lemma 3.1, for s > max{2 +
%, %, — %} and s #Z 4+ %, we also obtain

IG(7)]

g SO0 — s ([, -+ D,
™G+ ™ sy, + [ gy |+ [ By ).
Inserting the above inequality into (16), we have

(n+14+1) u(n+1)

[lu | ga—1

P,

ec fot H[(u(1z+l))2_(u(mn+l))2+u(n+l)](7)HBz_TQdT

+1+1 +1
< (lug ™D = uf 0

t
7cfﬂ- H[(u(n-H))27(u;n+l))2+u(n+1)](‘r/)” S,QdT/
+ C/ e ° N 71 R T [
0 DT

l
(R T T e [ O o [ sl o

+ Hu(n+l)|

5:.)-
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Note that {u(™},cy is uniformly bounded in E; .(T) and
(n+l+1)  (n+1)
[[ug — Ug HBg;l

n—+l1

=[|Snt1+110 = Sprtioll s = || D Aquoll s
g=n+1
n+l n4+l+1
1 . 1
<Y 2PETITARC DY Aguo)[ze)T <O Y 27F 250 | Ay
k>—1 g=n+1 k=n

<C2"|lug|| s , -

Hence, there exists a constant Cr independent of n, ! such that for all ¢ € [0, T]

(" —u D) ()]

t
s <O [0 ) (0] g,
0

Arguing by induction with respect to the index n, we deduce

n k t n
(n+l+1) _ , (n+1) —n (QTCT) n-+1 (t - T)
l(u WD) (1) s <Cr(2 ;O S et [

" (2TCr)F (TCr)™+!
<(C ——— 27"+ Cr—F——
=( T;;) ARy ey
which yields the desired result.
Finally, we can apply the interpolation method, which is similar to the proof in
Lemma 3.1, to the critical case s =4 + %. We here omit the details. Therefore, we
complete the proof of Lemma 3.2. O

Based on the above preparations, we are in position to state the local existence
result of the Cauchy problem (1).

Theorem 3.3. Suppose that 1 < p,r < 0o, s > max{2+ %‘, 3,3— %} andug € B, ..
Then there exists a time T > 0 such that the Cauchy problem (1) has a unique

solution u € E;T(T), and the mapping uo — u is continuous from By, into

C([0,7); By,) N C([0,T): By ')
for all ' < s if r =00 and s’ = s otherwise.

Proof. According to Lemma 3.2, {u(™ },cy is a Cauchy sequence in C([0,T7]; B3, 1),
so it converges to some function u € C([0,T]; B5,'). Thanks to Lemma 3.2 and
Proposition 2 (iv) Fatou lemma, we have that v € L*°([0,77; B; ,.). Thus, by the
interpolation method, for all s’ < s, we find that u € C([0,T]; B;:T).

Taking limit in Eq. (7), we conclude that u solves Eq. (1) in the sense of
u € C([O,T];B;:;l), for all s" < s. Since u € L>([0,T]; B, ,.) and the fact B, , is
an algebra as s > 2 + %, the right-hand side of the following equation

k
my — [?1(u2 —u?) + gu]mgg = kyuzm? + kyugm,

belongs to L>°([0,T]; B ?). In particular, for r < oo, Lemma 2.4 enables us to get
that w € C([0,TY; B;:T) for all s’ < s. Finally, taking advantage of Eq. (1) again,
we obtain that d,u € C([0,T]; By ') if r < oo, and in L>([0, T; By ') otherwise.
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Moreover, the continuity with respect to the initial data in
C([0,7); By,) NCH0,T): By ;) (Vs < s)

can be obtained by Lemma 3.1 and a simple interpolation argument. While the case
s’ = s, a standard of use of a sequence of viscosity approximate solutions {uc }eso
for Eq. (1) which converges uniformly in C([0,T]; B ) NC*([0,T]; B.') gives the
proof of the continuity of solutions in E;ﬁT(T). This completes the proof of the
theorem. O

Remark 1. We know that nonhomogeneous Besov spaces contain Sobolev spaces.
In fact, by Fourier-Plancherel formula, we find that the Besov space B3 ,(R) coin-
cides with the Sobolev space H*(R). Therefore, Theorem 3.3 implies that under
the assumption ug € H*(R), s > %, we can obtain the local well-posedness result to
Eq. (1).

Remark 2. The existence time for Eq. (1) can be chosen independently of s in the
following sense [34]. If

uwe C(0,T; H)nCY([0,T); H*1)
is a solution to Eq. (1) with initial data H",r > 3,r # s, then
uwe C(0,T); H)nCY([0,T]; H )
with the same time T > 0. In particular, if ug € H*, then u € C([0,T]; H*).

4. Blow-up scenario. In this section, by using the local well-posedness result of
Theorem 3.3 and energy estimates, we present a precise blow-up scenario for strong
solutions to the Cauchy problem (1).

Theorem 4.1. Let ug € H*(R), s > % be given and assume that T is the mazimal
existence time of the solution u(t,x) to Eq. (1) with the initial data ug guaranteed
by Remark 1. When we take k1, ko as non-positive constants, then the corresponding
solution u(t,x) blows up in finite time if and only if

lim tlng ;relafg{mum(t, )} =—-0c0 or lim tlgl; ;relan{um(t,x)} = —00.
Proof. From Remark 1-2 and a simple density argument, we only need to prove

that Theorem 4.1 holds true for s = 4. Multiplying Eq. (1) by m, integrating over
R and integration by parts, we get

1d k k
f—/mzdx :—1/(u2fui)mmmdx+k1 /umdequkg /uxmzderiummrdz

k k
- uwm?’dx—i—h/uwm?’dx—i—kg/uxmzdx—i/uzdea:
2 Jr R R 4 Jr
k 3k
== umm?’dm—&—fz/umedx. (17)
2 Jr 4 Jr

Differentiating Eq. (1) with respect to x, we deduce

. k
M =3k1ugmmy — kim® + kyum? + %(u2 — ui)mw

3k k
+ TerUT + koum — k2m2 + %umm.
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Multiplying the above equation by m,, and integrating with respect x over R, we
have

/m dzr Skl/u$mm dac—kzl/m mzd:r:—l—k‘l/um mgdr

k k
+ 2 (u? — u2)mymgpde + 3k m2udx
2 Jr R

k
—|—k2/ummmdx—k2/m2mxdm+§/umxmmdaz
R R

—Skl/uxmm dac——/um 3dy — = /m u? —u?)de
3k2/m uzdx——/um de——/u—mmidx

5k k k
L uxmmidx——l/uxmgdx—k— miuxdz—i/umedx.
2 Jr 3 Jr 4 Jr 2 Jr
(18)

From (17)-(18), we get

d
7 R(mQ +m?2)dx

k 5k k
:5k1/uajmmidm+—l/uzmgda:—&—J/miuwdm—&—i/uzdem.
R 3 Jr 2 Jr 2 Jr

Assume that T' < oo and there exists Ny, No > 0 such that mu, > —Ni,u, > —No
for all (¢,x) € [0,T) x R. Let us choose N,k > 0 such that N := max{N;, N2} and
k := max{—ki, —k2}. It then follows that

d

pn (m +m )dm<10kN/ m? +m?)dz.

Applying Gronwall’s lemma to the above inequality implies for ¢ € [0,T),
lml[Frs < e N |fmo|| s (19)

Differentiating Eq. (1) with respect to z twice, we deduce

Mips = — 6k1m>my + Skiummy, + 4k uymma, + 3kiu,m
k Tk
+ kjuzm? + %(u2 — ui)mrm + 2kotuy Mgy — TQmmm

5ko ko
+ 7umz + kouym + 5 — UMpp-
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Multiplying the above equation by m,,, integrating with respect to x over R, we
have

/mudx =— 6k1/m mxmmda:—i-5k1/ummgcmmdm—i—élkl / uﬁmmiwdx

—|—3k1/uxmﬁmmdx—kkl/umemmdx
R R

k Tk

+ 21 /(u2—uz)mmmwmdm—i—2k2/u$m dx— 2/mmmmmdm
R R

ok

2 Jr

= — 6k; /mzmmmmd;v—f—f)kl /ummmmmdx—i—4k1 / ummmiidx
R R R

UMgMgrdr + ko /

uzmmmdx—k— UM gy Mg AL
R 2 Jr

+k1/ummmidac—&—le/ummzmmdx—kl/QOTmmdx
R R R

k k
,le/uxmmider—l/uzde:c—i/uzmmﬁmdz
R R 2 Jr

Tk 5k
—|—2k‘2/uwm dx — —2 mmwmmdx 42 midm
—kg/umm dx—i——/uz 2dﬂc——/umm dxr
Tk 2
=—Tk m mxmmdz+7k1 UMM Mg AT+ —— > Ugmmy, dx
R R

—kl/u$mm2daﬁ+%/uw 3dx —&——/umm dx
R

7k
_ 72 MMy Mg dr — / m2dz + —/um . (20)
R

Combining (17)-(18) and (20), we obtain

— (m2 + mi + mix)dx
dt g

= — 14k, / m2mymy.ds + 14k1/
R

UMMMy dr + Tk / uxmmimdx
R

R

Tk
—|—3k1/uxmm§dx+k1/uxmgdx—FJ/uwmfwdz
R R 2 Jr

3k
—7k2/mmxmmdm‘—2/u$m2dm+—2/uzmzdx.
R R 2 Jr

If mu, and u, are bounded from below on [0,7T) x R, i.e., there exists N1, No > 0
such that mu, > —Ny,u, > —Na for all (t,2) € [0,7) x R. Similarly, we can choose
N,k > 0 such that N := max{Ny, No} and k := max{—k1, —ka}. Then, by (19)
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and the above equality, we get

pn R(m2 + mi + mfm)dx

21
<2k / (m? 4 m2 4 m2,)de + 14k (| ml s + [lum]|~
R
+ | ) / mas|de
R
21
<TRN [ (o + 14kl + ) [ 2+ )d
R R

3N
S?k[T + 265N |mg | g1 (€3N FT || mg | g2 + 1)] /(m2 +m2 +m?2,)dx.
R
Hence, applying Gronwall’s inequality implies that for all ¢ € [0,T)

lulZe <llmll%e = / (m? + m? + m?,)dz
3N BNEkKT BNEKT 2
<exp{TH2® + 26" g 1 (7 fmoll s + D]} mol 3

3N
<Cexp{Th[ = + 2™ lmo| 12 (> [lmoll a2 + 1)]H oI+

The above inequality and Sobolev’s embedding theorem ensure that u(¢, ) does not
blow up in finite time.

On the other hand, by Sobolev’s imbedding theorem, we find that if lim tinfT ir&_l% {m
—Tx

ug(t, )} = —oo or lim 75infT inﬂfQ{u$(t,x)} = —o00, then the solution will blow up in
—1 ze
finite time. This completes the proof of the theorem. O

5. The existence of peaked solutions. In order to understand the meaning of
a peaked solution to Eq. (1), we first rewrite Eq. (1) as

ki o kiog ke k1 21,3 1 2\—1
2 1
x (uu2 + gu?’) + ko (u® + iui)) =0.

Note that if p(z) := Le7I*l.z € R, then (1 —92)~'f = p« f for all f € L2 From
the above two facts, we can then define the notion of weak solutions as follows.

Definition 5.1. Let ug € W2 be given. If u(t,z) € L2,([0,T); W,5?) and satisfies

loc
T
1 1 1 1 2
/0 /R (uqbt - 6161113¢$ - 6k1u2¢ - zkguz(bw — 5P+ (lﬁ (uu? + §u3)
1 1
+ko(u? + iui))@c + ékl(p * ui)d))dmdt + / uo@(0, x)dx = 0,
R
for all functions ¢ € C°([0,T) x R), then u(t,z) is called a weak solution to Eq.

(1). If w is a weak solution on [0,T) for every T > 0, then it is called a global weak
solution.

Next, we prove the existence of single peakon to Eq. (1).
Theorem 5.2. The peaked functions of the form
@C(tv :C) = Cle_|$_0t|7
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where C satisfies %klc? + %k’gCl + ¢ =0, is a global weak solution to Fq. (1) in
the sense of Definition 5.1. Moreover, for every time t > 0, the peaked solutions
@e(t, ) belongs to H N W1,

Remark 3. (i) For k1 = 0, ky # 0, we have Cy = fi—j. In particular, if k; = 0, ko =
—2, then we obtain the single peakon ¢.(t,x) = ce~ 7=l for the CH equation.
(ii) For k1 # 0, we easily get

—3(v/3ko & \/3k3 — 16k1c)
44/3ky ‘

If 3k% — 16k1c > 0, then the coefficient C of the peakons ¢, is a real number. For
example, if we choose k1 = —2, ko = 0, and ¢ > 0, then we obtain the single peakon

we(t,x) = %4/ %ce"gﬁ_d| of the modified CH equation (2). If 3k3 — 16k;c < 0, then
the coefficient Cy of the peakons ¢, is a complex number. In [28], the authors call
it as a complex peakon, i.c., the peakon has the complex coefficient. Thus, we can

propose here the complex peakon for Eq. (1), which is not presented in both the
CH equation and the modified CH equation (2).

Proof. For any test function ¢(-) € C°(R), using integration by parts, we infer
0 0o
[eMaay= [ eswiy+ [ e rotay
R —00 0

—eroto)| [ v+ vow[+ [ oy

0
0 ')
_ / e (y)dy + / V() dy = / sign(y)e™p(y)dy
—00 0 R
Thus, for all £ > 0, we have

Oz pe(t, ) = —sign(x — ct)p.(t, ), (22)

in the sense of distribution &’(R). Hence, the peaked solutions ¢.(t, ) belongs to
H' N Wt The same computation as in (22), for all ¢ > 0, yields,

Orpe(t,x) = ¢ sign(x — ct)pc(t, x) € L. (23)
If denoting ¢o.c(x) := ¢.(0, ), then we get

lim e (t, ) = o.c(2)[wr = 0. (24)

t—0+

Combining (22)-(24) and integrating by parts, for every test function ¢(t,z) €
C2°([0,00) x R), we obtain

/ /(@caf,(ﬁ_ k1¢58w¢ ( ac‘Pc) (b_*(p w¢)d$dt+/ﬂspo,c('ﬁ)¢(0a$)d]}
/ / at%pc 690906 + le (am()oc)3 - %(Pcaa:@c)(bdxdt

k1 ko
= / / ¢ sign(x — ct)pc(c + 3 =2+ 5 goc)dxdt (25)
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Form the definition of ¢, and C satisfying %le’f + %kQCl + ¢ =0, for x > ct, we
have
k2

ky
sign(z — ct)pe(c + gsoc + soc)

:Clef(zfct)(c+ 702672(9:7015) + gclef(wfct))
k k
— CS ct—x 02 ct—x 3105)63(61579:) + 5201262(ct7z). (26)

Similarly, for z < ct, we find

k1 k
sign(z — ct)p.(c + 3 =2+ ?2 c)

_ Clea:—ct(c + 710262(x—ct) + gclex—ct)

03 r—ct + 02 z—ct 1Ci°>e3(x—ct) . %01262(1—@). (27)
On the other hand, similar to Definition 5.1, we derive
= [ 50 O+ i+ kg + hal@ape)0n0
+6mu—%>WMM%Mﬁ:AmA§¢@wumum%f+%@Mﬁ)
+ ¢ px (k1020upe + kapeOupe + ﬁ(<9gg<pc)3)]dﬂcdt- (28)

6

From (22), we have

k
+ L (Bupe)

kl@ga:c@c + kZSDCaxSDc 6

k
= — kysign(z — ct)@? — kosign(z — ct)p? — Elsign3 (z — ct)?
k 7
=5 0u(¢2) + 1gk10:()- (29)
Inserting (29) into (28), we obtain
< [1 _ 2 . 1
[ 50 hp@up + S+ ka4 ShalOro)?)0u0
0o Jr
1 2\-1 3 = ks 2 ko 2
+ Ekl(l — 07) 7 (0ppe)” pdxdt = A @ Opp * (?(pc(@x@c) + z(ﬁxtpc)
0
2 7
+ ?goc 18k1<pc)dxdt (30)
Note that d,p(z) = —3sign(z)e~ "I, 2 € R, we deduce

ko k2o, T s
4(81%) + 5wl 18k1<pc)(t,w)

1 [~ k 7
=-3 / sign(z — y)e~ 1=Vl ((ésignz(y —ct) + 1—814;1)0?673'%’7“'

k
Dup * (?1900(690900)2 +

k k
+ (fsignz(y —ct) + ?2)012672‘y70t‘)dy. (31)
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When = > ct, we can split the right hand side of (31) into the following three parts

k k k 7
Opp * (51%(895%)2 + Zz(ach)Q + ?2903 f/{iltpi) (t, )

:_/Ct / / sign(z — 1)e~17- yl((kSIgn(—ct) 1—78k:1)

ko
x Cie3lv= Ct|+(481gn( —ct) + 5 2)C2e et qy
I:.[l +IQ+.[3

A direct calculation for each one of the terms I;,1 < i < 3, yields
ct

1 8 3
I =— 5/ e~ (@=v) (§lef’e3(y_Ct) + ZkQCfeQ(y_Ct))dy
—00
4 ct 3 ct
- _ §k10i’»e—(z+3ct) / e4ydy _ gkgC%e_(x+2Ct) / e3ydy
—00 —00
_ klc«?) ct— m_k202 ct— e
1 [* 8 ; 3
I =-3 / e~ (#=v) (§klcfe*3<y*“> + 1kQ(Jf'ﬁwﬂf’f))dy
ct

4 xr 3 x
=— flefe_(m_?’Ct)/ e~y — fknge_(m_QCt) / e Ydy
9 ct 8 ct

2 3
:§k‘10f(63(0t_x) _ ect—x) + §k2012(62(ct—32) _ ect—x)

)

and

I3 :%/ ( ]{i103 —3(y—ct) _|_ k 02 —2(y— ct))dy

4
:*k10f6$+3d/ €—4ydy + ngCfex-&-Qct/ e_gydy
CS 3(ct—x) §201262(ct—;v).

By the above equahtles I;-13, for x > ct, we have

2 k22

k k
895]9*(?1906(81306)2—‘71(8@900) + 5wl T 8’€1<Pc)( x)

C3 ct— w+ C3 3(ct—x) _ C2 ct—x 501262(025—;5) (32)

While for the case x < ct, we can also split the right hand side of (31) into the
following three parts

ky k k
amp*( 906(81306) + 42(31906) + 22903 18]{1@6)( )

:,7/ / / sign(z — y)e~ 7~ y\((’i&gn( —et)+ %kl)

ko
x Ce —Sly—etl 4 ( 1 51gn 2y —ct) + 3 )02 —2ly- Ctl)al
Z:I[:[ —f—[[g—f—[]g
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We now directly compute each one of the terms I1;,1 <14 < 3, as follows

1 [* () S e 3 e
IIl:_i/_Ooe ( y)(§klci’>63(y t)+1k2012e2(y t))dy

_ %k_lcfe—(z—i-?mt) /I €4ydy _ gk2c’12€—(r+26t) /I 63ydy

— 0o — 0o

I 8 3
Il = / ef—y(§klc{>e?><y—ct> —i—fkngeQ(y_Ct))dy
ct

iik C3 r— 3ct/ dey+ k C2 r— QCt/ eydy

2
:§k1013(6z76t _ eB(xfct)) + ngC«lZ(exfct _ e?(mfct))7

and

1 o0
15 :7/ ( klcS —3(y— ct)+ ]C C2 —2(y— ct))dy

t
00

:*k'1013€z+36t/ 74ydy_|_ k 02 m+2ct/ 673ydy
ct

ct

By the above equahtles I1-113, for x < ct, we obtain

kl 2 k2 kz 2 7
a:vp * (?‘Pc(az@c) + Z(am()oc) + 2 —p. + 18]{71905)( )
%Ci&e;c—ct _ %Cfe?)(x—ct) + %C%ezc—ct _ 501262(;8—@). (33)

Combining (25)—(27) with (30)—(33) we infer that

>~ k
/0 /R [%5@ — klwcaxqb ki ( x(pc) ¢ — i 23 ¢ — 7(1 — 82) (

X Spc(aw@c)z + §k1§0(3; + k2§02 + §k2(81900)2)6a:¢ + ékl(l - 6%)_1(895(,%)3

x ¢|dzdt + /R ©0.c(2)$(0, z)dx = 0

for every test function ¢(t,z) € C(]0,00) x R). This completes the proof of
Theorem 5.2. 0
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