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The modified Kadomtsev—Petviashvili (mKP) equation is revisited from two 1 + 1-dimensional inte-
grable equations whose compatible solutions yield a special solution of the mKP equation in view
of a transformation. By employing the finite-order expansion of Lax matrix, the mKP equation is
reduced to three solvable ordinary differential equations (ODEs). The associated flows induced by
the mKP equation are linearized under the Abel-Jacobi coordinates on a Riemann surface. Finally,
a finite band solution expressed by Riemann-theta functions for the mKP equation is obtained
through the Jacobi inversion.
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1. Introduction

The finite band (algebro-geometric or quasi-periodic) solutions are a remarkable class of
exact solutions, which were originally introduced in 1974 by Novikov [21] dedicating to the
integration of the Korteweg-de Vries equation with the periodic boundary condition. A fea-
sible theory of finite band solutions was developed with the usage of the spectral technique
(see more details in [6, 7, 11, 17, 18]). Later, some well-known soliton equations, such as
the Korteweg-de Vries [7, 11], nonlinear Schrédinger [12], sine-Gordon [15], KP [16] equa-
tions, were solved with finite band solutions in explicit form. Recently, the nonlinearization
of Lax pair [1] has been developed to obtain the algebro-geometric solutions of soliton
equations in (1+41)-dimension [22, 23, 29] with the help of algebro-geometric tool. A more
extended progress of the nonlinearization method and algebro-geometric scheme is that the
finite parametric solutions of two compatible 1 4 1-dimensional integrable equations gener-
ate solutions of a (2 + 1)-dimensional integrable equation [2, 4, 8, 13]. Following this idea,
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in this paper we find a different decomposition to solve the mKP equation by using the
finite-order expansion of Lax matrix [26].

To get finite band solutions of an integrable equation, the crucial point is to choose an
appropriate isospectral problem related to the equation. Then, based on the Lax pair of the
integrable equation, one may apply the powerful tool of the theory of algebraic curves to
derive explicit solutions in terms of Riemann-theta functions. In this paper we decompose
the mKP equation into two 1+ 1-dimensional consistent equations, which are integrable and
able to be solved through integrating three solvable ODEs. The Abel-Jacobi coordinates
are appropriately chosen to straighten out the phase flows on the complex torus associated
with the mKP equation. Furthermore, by employing the Jacobi inversion on the Riemann
surface of hyperelliptic curve, the finite band solution of the mKP equation is obtained and
expressed in terms of Riemann-theta functions. The whole paper is organized as follows.
In Sec. 2, we specify the relation between the mKP equation and two (1 + 1)-dimensional
integrable equations with the help of a transformation. In Sec. 3, we reduce the mKP
equation into three solvable ODEs. In the last section, we present a finite band solution of
the mKP equation in explicit form.

2. Decomposition of the mKP Equation
Our starting point is the isospectral problem that was presented in 2001 by Qiao [24],
1

It
—— —v —v
¥1
pa=Up, U=| 2 2 1| wz( ) (2.1)

1
¥2
AU 2)\ 2v

where ) is a spectral parameter; v and v are two spectral potentials. To derive an integrable
hierarchy associated with (2.1), let us calculate the stationary zero-curvature equation

Aa b Aa; b; .
V. = [U,V], V:( >:Z( I ))\_3, (2.2)
e —)ha >0 )\Cj —/\aj
which is equivalent to

aj; = —vcj — ubj,
bj = 2vaj+1 —bj41 + Ubj, (2.3)

Cjz = 2UQjy1 + Cjy1 — VC;.

Let Sj = (¢j11,bj41,aj4+1)7, then (2.3) can be rewritten as

N7
KSj_l = JS]', Sj‘(u,v):o = O, S—l = <—’U,,U, §> y ] Z 0, (24)
where
1 0 2u J+wv 0 0
J=10 1 —-2v|, K= 0 —-0+wv 0. (2.5)
v ou 0 v U 0
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It is easy to see that the first equation in (2.3) leads to the identity USJ(»l) +qu(-2) —i—f)ij(-g) =0,
and each S; could be determined uniquely by the recursive relation (2.4). For instance, the
first two members are

—uy — 2PV — uw
_ | _ 2 2
So = Uy + 0% + 2uv” |,

uv

and
—Ugy — 6u%0? — 6uBV? — ULy — 2ugv — uvy — uv?
S| = Vg — 30U, — 6uvy, + 61?03 + 6uv® 4 03

Up¥ — Uty + 3ulv? 4 2uv?

For any positive integer n, let us choose an auxiliary isospectral problem of (2.1) as
follows,

(n) (n)
% Vi
_ () m) _ [ V1 12
o, =V, V ™ om ] n>1, (2.6)
21 Viu

where

n 1 - —j n ¢ n—j n - n+l—j
Vl(l):_§bn+zaj/\n+l 7, VI(Z):ij)‘ 7 ‘/2(1):26]'/\ +1-j
=0 =0 =0

Thus the compatibility condition of (2.1) and (2.6), under the isospectral assumption
At,, = 0, leads to the zero-curvature equation

Uy, — Vi + U, vV] =,
which generates the desired 1 + 1-dimensional integrable hierarchy
(uav)z; = (_an + ¢n, —bn)f, n >0, (2.7)

in the sense of Lax compatibility. Clearly, the first two nontrivial integrable equations are

Uy = —Ugz — 4UULV — 22V, — 2ugv — 2uvy,
5 (2.8)
Vy = Ugg — 200 — 2U,0° — duvvy,,
and
Ut = —Upgpy — 3(“’:6”)2: - g(uv2)x - 9(u2v2)x - 6(U3U2)$ - G(UUxU)x, (2 9)
Ut = —Vger + 3(V02) e + 6(uvvy)s — 6(u?03), — 6(uv?), — 3v2v,, '

where we set t; = y and t9 = t in time variables. And, it is worthwhile to point out that
the system (2.8) belongs to the integrable equations of nonlinear Schrédinger type [19].
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Let (u,v) be the common solution of (2.8) and (2.9), and introduce a transformation

a(z,y,t) = u(@,y,t)o(z,y,t). (2.10)
Through some lengthy computations, we have

Gy = UWVzq — Vlgy — 6uuzv2 — 6u2vvz — 2u11)2 — 4duvv,,
O;qu = uvy — vuy — 3utv? — 2uv?,
Olflqyy = UWppr + Vlgpr — UppUp — Vpplly — 6u2v§ — 4uv§ + 6u§1)2
+ 8uvug, + 36u2v3uz + 36u302vz + 28uua,v3 + 44u2v21)a,
— 81121)11m + 4112um + 4umv?’ + 12uv?v, — duvvg, + 40Uy,
_ 2 3 2 3
Gt = —UVgppy — Vlgpr — SUgrV” — U0V, — 3Ug0° — Quv v, — 24uu,v
2.2 2. .3 3,2 2.2 2 2
—36u v vy — 30uugyv” — 30uv v, — 6uLv? 4 6uv;

— 6uv2um + 6u2vvm + 3uv§ + 3uvvgy,

which retrieve the mKP equation [14]

1

3 _ _
qt = _Z(QCECE - 2q3)x + 1(2(]181 1Qy - 8x 1ny)- (2'11)

So, the mKP equation (2.11) is revisited through two (1 + 1)-dimensional integrable
Egs. (2.8) and (2.9), which are in the same integrable hierarchy (2.7). This implies that
compatible solutions of two (1 + 1)-dimensional integrable equations can produce a special
solution of the mKP equation (2.11) through the transformation (2.10).

3. The Solvable Ordinary Differential Equations

In this section, we further decompose the two (1+ 1)-dimensional integrable equations (2.8)
and (2.9) into systems of solvable ODEs that are compatible. Let 1) = (11,v2)7 and ¢ =
(61, ¢2)T be the basic solutions of linear differential equations (2.1) and (2.6). Let

o f g o l T T o 0 -1
W—(h _f>—2(¢w +96")o, "‘(1 O>. (3.1)
From (2.1) and (2.6), one can readily verify

W, =[UW], W, =[V™ W], (3.2)

which imply that the det W of matrix W is a constant of motion along both z- and ¢,-
flows [27]. Two equations in (3.2) can be rewritten as the component forms:

fz = —vh — Aug,

9o =20f — (A =)y, (3.3)
hy =2 \uf + (A —v)h,
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and
fuu = W5 = gV,
g, = 20Vi]" — 2V, (3.4)
he, = 2f Vi — 2nV Y,

Assume that the functions f, ¢ and h are finite degree polynomials of A\, namely,

N N N
f — Z fjA'fH‘l—], qg= Zgj)\n_J’ h = Z thn—‘,-l—j' (35)
j=0 j=0

j=0
Substituting the expression (3.5) into (3.3) yields
KG; 1=JG;, JG_1=0, KGn_1=0, G;=(hjr1,9i+1,fi+1)" .  (3.6)
Apparently, vh; + ug; + 0, f; = 0; and JG_1 = 0 admits a general solution
G_1 = apS_1, (3.7)

where o is an integral constant. Therefore, G; can be recursively determined from (3.6).
Acting with the operator J~'K on both sides of Eq. (3.7) k + 1 times results in

k
Gk = ZajSk_j, 0< k < N, (3.8)
7=0

where o are integral constants. Substituting (3.8) into KGy—_1 = 0 yields the following
Nth order stationary equation,

XN+ Xy_1+ - +anXo =0,

where X; = JGj (j = 1,...,N) are vector fields. This means that (u,v) is a finite band
solution of the integrable hierarchy (2.7).

Without loss of generality, let us restrict our attention to ap = 1. Recalling Eq. (3.6),
one can easily compute

g1 = —vg + 0% + 2uv? + 207,
—uy — 2ulv — uv — 2001,
fo = ugv — uvy + 3uv? + 2uv? + 20quv + o, (3.9)

g9 = Upp — 30V, — BuvV, + 6uv® + 6uvd + v*

>
S
Il

+dauv? 4 2000 + 20002 — 2010,
ho = —tye — 6u202 — 6uP0? — 6uuLy — 2uLv — UL,

—uv? — 201Uy — 20quv — daqudv — 2au.
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Taking into account Eq. (3.5), we define
N N
g:vH()\—,uj), h:—/\uH()\—yj).
j=1 j=1
It follows from (3.5) and (3.10) that

N N
A A
g1 =—v E pj = —voy, hi=u E Vj = uoz,
Jj=1 Jj=1

N N
_ FA— ho = A =
g2 =v Hift; = Vo1, 2= U Viv; = —uo2,

i,j=1,i<j i,j=1,i<j

(3.10)

(3.11)

where the symbol £ means that the left-hand side is denoted by the right-hand side, for

short. After a direct calculation, the combination of (3.9) and (3.11) gives
Oy Inv—v—2uv —20p =01, —0zlnu—v—2uv — 207 = 09,
and
(0yInv + 2uv(3uv — Oy Inv + dy Inwu) + 02 + 6uv? — v,
=01 + 20101 + 402 — 2as,
—0yInu + 2uv(3uv — Oy Inv + 0, Inu) + 02 + 6uv? — vy

=09 + 20109 + 40(% — 20,

which imply that
OpInuv =01 — 02, Oylnuv =01 — a2+ 201 (01 — 02).

Thus, we have

Oy Inuv = 9%(Inv — Inw) + (9, Inv)? — (0, Inu)? — 6uvd, Inuv — 4v, — 2vuzu™?

= Oy(01 + 03) + 0% — 03 + (4day — 2uv)(0oy — 02)

and

+1( +02) + !
=Uuv =« —\0 g -~
q IS 2 4(01 — 09)

where the following two identities
N N
25-120'%—211?, 252:0§—ZV]2,

are applied in the above calculations.

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)
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Since det W is a (2N + 2)-degree polynomial of A, we define

1 2N+2 1
_ 2 _ ANl
_®HV—f+ﬂh—ZIlM—Aﬂ—4MM,
]:

(3.17)

where A; (1 < j < N +2) are roots of the (2N + 2)-degree polynomial. Substituting (3.5)
into (3.17) and comparing the coefficient of A2V *! and the one of A2V in both sides of (3.17),

we derive

2N+2 2N+2

1
2fof1 + goho = ~1 Z Njs 2fofe+ fI + hogi + higo = 1 Z i,

i=1 i,j=1i<j

which yields

1 2N+2 1 2N+2 1 2N+42
alz_Zz/\j> 06221”2 '/\i)\j_ﬁ Z)\j
Jj=1 ,j=1,i<j Jj=1

Recalling Egs. (3.17), (3.10) and (3.3), one can check the following formulae

1 1
= = 3V R(px),  fha=y, = 5\/3(%),

N

gm\,\:uk = — Ul H (Mk - Mi),
i=1,i#k
N

halsew, = wivee [] (i — ),
i=1,ik

and
g$|/\=uk = Uy R(Mk)> hfﬁ‘)\zl/k = UlVg R(Vk)
Therefore, from (3.21) and (3.22) we obtain

R(uy) R(vy)

iz = — Vi,o = 1<k<N.

N ’ N )
Hi:l,i;ﬁk(ﬂk — 1) Hi:l,i;ék(yk = v;)

Employing a similar procedure for Egs. (2.6) and (3.10), we have
1
V1(2)|/\=Hk = U(Mk — 01 — 20&1),
‘/2(11)|A:uk = uvg(—vg + o2 + 2a1),

2 _
V1(2)|>\:,Lbk = U(u% — ,U,k(0'1 + 2041) + 01 + 20410’1 + 405% — 2042),

1/'2(12)|,\:,,k = uyk(—yg + (o2 + 20q) — G2 — 20109 — 404% + 2a9).

A calculation analogous to the result (3.23) leads to

Vi) /R(u) VR

Vi, =
N y itn N
v Hz‘:u;ék(uk — 1) UV Hi:l,iyék(yk = ;)

Mk t, =

. 1<k<N.

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)
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We summarize this section with the following conclusion: if constant spectral parame-
ters A1, A2, ..., Aonyo are given, and let u(z,t,) and v(z,t,) be distinct solutions of two
ODEs (3.23) and (3.25); thus u,v determined by Eqgs. (3.12)-(3.14) are solutions of inte-
grable equations (2.8) and (2.9). Therefore, ¢ = wv is a special solution of the mKP
equation (2.11).

4. The Finite Band Solution

Let us first introduce the Riemann surface of hyperelliptic curve,

2N+2

I: & =RM, RN =] -\,

J=1

whose genus is N. For the same A, there are two points (A, /R())) and (A, —y/R(\)) on
the upper and lower sheets of I'. Additionally, there exist two points at infinities that are
not branch points due to deg R(\) = 2N +2. Under an alternative local coordinate z = A~
the two points are viewed as oo; = (0,1) and ooy = (0, —1), respectively.

Let us choose a set of canonical basis of cycles: ay,ao,...,an;b1,b2,...,bx on I', which
are independent if they have the intersection numbers

aioaj:biobj:(), aiobjzéij, i,j:1,2,...,N.

As the following N holomorphic differentials

N=1an
wl = Y - S N7
R(A)
are linearly independent on I', we may define
Aij :/ wg, Bij:/ wi, 1<14,7<N, (4.1)
a b

J

where A = (A;j)Nxn is an invertible matrix, and B = (B;j)nxn is a symmetric matrix
characterizing I'. Denote the matrices C' and 7 by

C= (Aij)]_VlXNa T = A_lB.

Then 7 is a symmetric matrix (7;; = 7;;) with the positive definite imaginary part. We now
normalize w; into a new basis wj,

N
’wj:ZCjﬂIJl, jZl,Q,...,N,
=1

with properties

N N
/ wj = E le/ II)Z = E leAli = 5ji7 / wj = Tji-
@i =1 @i =1 b;
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For a fixed point pg on I', the Abel-Jacobi coordinates are defined by

Mk myt Mk /\l 1d/\
pgl)(xayat) = Z ZZ ]l/
k=1"Po k=1 1=1 .
e) o ) Y NLdA 1d/\ -
Pj LU Yt Z w5 = ZZ ]l/
ke=1"PO k=1 1=1

Taking derivative on both sides of the first equation in (4.2), we obtain

N N N N 1_1

Dup}” ZZOJVﬂ YN Ci—x

I=1 k=1 Hz 1z¢k(ﬂk—uz)

The following algebraic formulae [20]

N S
M
Iszg ~ =0gN-1, 1<s<N-1,
k=1 Hi:l,iyék(uk — 1)

Iy =01In-1, INy1=o01IN—01IN 1,

simplifies Eq. (4.3) as

epl) = -, Q¥ = Cyy, 1< N

A similar procedure can derive

o)~ a0 )

(2) _ ) (2 _ (1) (2 _ (2)
8xpj —Qja 8ypj —_Qja 89 __Qja

where

Q(l) Cin—1—201Cy, QP = Cin g —200Cjn_1 — 202C;n + 4062C; .

J

)

J

and ,0(-2)

,;* can be directly integrated

Therefore, p

where

are two integral constants.

(4.2)

(4.3)

(4.4)

(4.8)

In what follows, we discuss the Jacobi inversion that converts the explicit solution (4.8),
i.e. Abel-Jacobi coordinates to the original coordinate ¢. Let T" be the lattice generated
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by 2N periodic vectors {&;,7;}, and J(I') = CV/T be the Jacobian of I'. The Abel map is

defined by
P P
/ Wiy -y / ’UJN> ’
Po Po

where p is an arbitrary point. Moreover, A can be linearly extended into the factor group

Div(T) : A (Z nkpk> =3 npAlpy).

Then the Riemann-theta function on I" is given by [10, 25]

0(¢) = > exp(mi(Bz,z) +2mi((,2)), ¢eCV,

A:Div(l') — J(T), A(p) = <

zeZN
N N
<BZ,Z> = Z Bijzizja <C,z> = ZZiCia Z'2 - _1.
=1 i=1

Consider two special divisors Zivzl p,gm),

N N N Dy,
A(SA) =30 =3 [ i e
k=1 k=1 V4

where p,(:) = (p, C(ur)) and p,(f) = (v, ((vk)). The component form is

N
P

Z/k wj=p", 1<j<N, m=12
p

According to the Riemann theorem [10], there exist two Riemann constants M), M®)
CN determined by I' such that

o fMN)=0(ACN) — pM — MD) has N simple zeros at i1, ..., px,
o fAN) =0(ACN) — p® — M) has N simple zeros at vy, ...,vy.

To make the functions single valued, the Riemann surface I' is cut along with all paths
ag, by, to form a simply connected region, whose boundary is denoted by ~y. From the residue
formulae, we obtain

N 2
1
S ph= —.j{)\kdlnf(l)(/\) — 3 ResAdlnfO(),
Y

7j=1 2m s=1, =005 4.9
E_  + k (2) - k (2)
;yj =5 7£A din f@(N) 521200 ResA\*dIn fP(N).

In light of [5], we know that integrals

N
L L kgt £0m) () — by, & _
%72/\ dln f (A)_Z/ij_lk(r), m=1,2,

j=174j
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are constants that are independent of p("™). The only remaining step is to figure out the
residues

P

Ppo

P
:9</ w_%_pm)_M(m))
P
:0(,/ wj_ﬂsj_p§m)_M](m)7"'>

m m . 1 1
= <"'7:0§ )—I—Mj( )—I-Trsj—l-(—l) <CjNZ—|——(CjN_1—|—§R10j1\[)22—|—-'->,...)

2

1
= 00 (o™ 4+ MO ) - (—1) Oz (1)) + (60))%

2
where
Do 2N+2
ﬂsj:/ wj, Rlz Z )\i, s,m:1,2.
s i=1

And then, we arrive at

Resr—oo, Ad In F0(X) = (—1)+70, In 68",

(4.10)
Resy—oo, A2dIn F0M () = (—1)**m=19, In 6™ + 92 In 64,
where
o) = 0(—0Oz + Wy + 0Pt 4 1),
02 =902 — Wy — Q@ 4 A,),
with
Tsy —’Yj(l) +M;1) + Tsj, Asg —73(2) M](Z) + Tsj, 1<j<N.
Therefore, from (4.9) and (4.10) we get
0\
Zﬂl—fl )+ 0y ln Zul ) + 9, 1n9§) (4.11)
and
(1)
ZM = I,(T) + 9, ln% —92moMelh
92
@ (4.12)

Zul = I(T) + 0, ln%—@i 6o
1
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Substituting (4.11) and (4.12) back into (3.16), we finally obtain a finite band solution of
the mKP equation (2.11)

ORI L WD ey
q = + 5]1 (P) -+ Zax In 9(1)9(2) -+ 9(1)9(2) 8y In (1)9(2) + 8x In (9(1))39(2) .
1 Y2  In 22 2 Ys 1 2
91 91
(4.13)

From the procedure discussed in the above three sections, we provide an effective way
to construct finite band solutions of (2 + 1)-dimensional integrable equations, which are
involved in the finite-order expansion of Lax matrix [3, 9, 26, 28]. In particular, our paper
provides a distinct decomposition for the mKP equation that consisted of two consistent
1+ 1-dimensional integrable systems in view of a transformation. As a result, a special finite
band solution expressed by Riemann-theta functions to the mKP equation is presented
through this decomposition.
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