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In this paper we investigate the semi-discrete Ablowitz—Kaup—Newell-Segur (sdAKNS) hierarchy, and specif-
ically their Lax pairs and infinitely many conservation laws, as well as the corresponding continuum limits.
The infinitely many conserved densities derived from the Ablowitz-Ladik spectral problem are trivial, in the
sense that all of them are shown to reduce to the first conserved density of the AKNS hierarchy in the con-
tinuum limit. We derive new and nontrivial infinitely many conservation laws for the sSdAAKNS hierarchy, and
also the explicit combinatorial relations between the known conservation laws and our new ones. By perform-
ing a uniform continuum limit, the new conservation laws of the sdAKNS system are then matched with their
counterparts of the continuous AKNS system.
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1. Introduction

By discretising a continuous spectral problem one may have a discrete spectral problem and then
a discrete integrable system. For the well known Ablowitz—Kaup—Newell-Segur (AKNS) spectral

problem [1,2]
o\ _(n ¢q o}
(6) - 5) (&) @
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(¢1,n+1> _ <)u an) (‘Pl,n)’ (12)
(pl,nJrl Ry 2 ¢2,n

which is referred to as the Ablowitz—Ladik (AL) spectral problem, where the derivative ¢;  is
replaced with a difference ¢;,1 — ¢@; ,. If the temporal variable # remains continuous, equations
derived from (1.2) are semi-discrete systems which compose the AL hierarchy. However, the AL
hierarchy is not the semi-discrete AKNS (sdAKNS) hierarchy although (1.2) is a discretization of
the AKNS spectral problem (1.1). In fact, equations in the sAAKNS hierarchy are some combina-
tions of the members of the AL hierarchy [27]. For the AL hierarchy, their integrability charac-
teristics, such as conservation laws, symmetries and Hamiltonian structures, have been well stud-
ied [11,13,19,23-27,29]. In principle, these characteristics should be transferred to the sdAKNS
hierarchy.

In this paper we will investigate the sAAKNS hierarchy, and specifically their Lax pairs and
infinitely many conservation laws, as well as the corresponding continuum limits. The known
infinitely many conserved densities derived from the AL spectral problem (cf. [24]) are trivial. We
will show that all of them go to the first conserved density of the AKNS hierarchy in the continuum
limit. To derive new and nontrivial infinitely many conservation laws, we will rederive the SAAKNS
hierarchy and their Lax pairs so that they are ready for constructing conservation laws as well as for
considering continuum limits. This will be done in Sec.2.

The paper is organized as follows. In addition to Sec.2 mentioned above, in Sec.3 we derive
new infinitely many conservation laws and prove explicit combinatorial relations between the new
conservation laws and the known ones. Finally, in Sec.4 we perform a uniform continuum limit,
under which the Lax pairs and new conservation laws of the sdAKNS system are matched with
their counterparts of the continuous AKNS system.

its discretisation reads [3,4]

2. The sdAKNS hierarchy and Lax pairs
2.1. The AL hierarchy and the sdAKNS hierarchy

The sdAKNS hierarchy can be derived from the AL hierarchy [27]. Suppose that the AL spectral
problem and its time evolution part are

o = 0) 0= () = (5)

ED =MD, M= . U= o= (2 , 2.1a)
(Rni R, 62(n) (

F A7AL (T NJAL __ A?L B?L

q)t_s_NS ®7 NS - (C_?L D‘,;‘L)? SEZ, (21b)

where E is a shift operator defined as Ef(n) = f(n+ 1), A is a spectral parameter and independent
of time, Q, = Q(n,t) and R, = R(n,t) are potential functions, and A2, B2, C** and D" are Laurent

s s
polynomials of A living on Q,, R, and their shifts. From the discrete zero curvature equation of

2.1, ie.
M;, = (EN;")M — MN}", 2.2)
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the whole AL hierarchy can be derived and expressed as (a detailed procedure can be found in [25])

Ufs = K’:L :is (_Q; ) , S€E Z, (23)
where
. _(E 0 ~QuEN o o
L= )+ (T2 e weoE )
_EQn -1 1
+ Uy E—1)"(Ry,0n)—, 2.4
w2 ) €10 ) @40
and
- E'0 0 - _
1_ n 1yl 1
anl _1\—! i
(G ) B0 R0 (.4b)
with
Hn=1—0OuRy. (2.4¢)
The first few flows in the hierarchy are
AL Qn
K= <—Rn>’ (2.5a)
Qn+l
—un< R,,l)’ (2.5b)
AL anl
= U, ) 2.5
=M <_Rn+1> (2.5¢)

The sdAKNS hierarchy can be given through combining the AL flows in a suitable way [27].
Define initial flows

Ko =Ry, (2.6a)
_ 1 _ _
K= (K —K™). (2.6b)

Then the sdAKNS hierarchy is given by

Utzz{ﬁﬁ’:;jﬂ (j=0,1,---), @.7)
where
L =L-2a+L"
() (28 e ko
+( Ont )(E—l)“(RnE,QnE”)—(_Q”><E—1>“<RnE—1,QnE>, 2.8)
R, R.E
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L and L~! are given in (2.4) and [ is the unit operator. The first few flows of the siAKNS hierarchy

are
&:(%), (2.90)
k] 7‘u <Qn+1 Qn 1 ) 7 (2.9b)
2 n+1 n 1
( Qn-l—l 2Qn + Qn 1= Qan(Qn-H + Qn—l) ) (2 9C)
n+1 +2R R —1 +Qan(Rn+l +Rn—l) ’

(E—E~")(Qn1 20+ 0n1)
+Qn+1Qn+2Rn+1 - Qn(Qn—i—an 1= Qn—an—H)
K3:lu _Qn 2Qn an 1— R (Qn+] Q )
27" (E—E")(Rus1 — 2Ry +Ru1)
+Qn—1Rn—2Rn 1+R (Qn+1Rn l_Qn—]Rn—H)
_Qn+1Rn+1Rn+2 Qn( n+1 Ri 1)

(2.9d)

We note that the equations Uz, = K> and Uz, = K3 respectively correspond to the coupled semi-
discrete nonlinear Schrodinger equation [21] and the coupled semi-discrete modified Korteweg—de
Vries equation [20] in the papers of Tsuchida et al.

2.2. The sdAKNS hierarchy and Lax pairs: revisit
In the sdAKNS hierarchy, for the equation

U, (2.10)
its Lax pair is expressed as
Ed— W1, M:(12Q7 2.11a)
R,
I N& ~ As Bs
®; =N, P, N, = <Cs Ds> , (2.11b)

where (2.11a) is the AL spectral problem (2.1a). Since (2.7) already provided the combinatorial
relation between K and the AL flows {I?}?L}, the matrix N; can be accordingly written out as com-
binations of {N ;‘L} and Ay, By, C; and D will be expressed through the Laurent polynomials in 7.
However, it is hard to write out explicit form of these polynomials, which will make difficulty in the
consideration continuum limit. In the following, we need to re-derive the sdAKNS hierarchy and
their Lax pairs so that they are ready for considering continuum limits as well as for deriving new
conservation laws.
Let us start from the compatible condition (zero curvature equation)

M;, = (EN)M — MN; (2.12)
and make use of the Gateaux derivatives. For the given functions F = F(U) and G = G(U),

_ Jd - _ _
F'|G] = =—F
6] =52
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is called the Gateaux derivative of F(U) w.r.t. U in the direction G(U). It is easy to see that F;(U) =
F'[U7], from which we can rewrite the zero curvature equation (2.12) as

M/[Kv] = (ENV)M_MNv

Now we consider the following equation

where X = (X, X;)T and ¥ =

When Y = 0, we assign the

i[5~ (A~ %)zﬂ — (ESOM — M,

. 2 B
N=|( - = |.
(¢5)
following two initial flows

X:k() and X:kl,

where K and K are defined in (2.6). Correspondingly, we can take

{)_’I:]VO and {Tt:Nl’

respectively. When ¥ # 0, we restrict 9t|7_, = 0 and rewrite (2.14) into

and
where
il =
ZQ =
with their inverses
L'=
L'=

To solve (2.15), we expand

oy oo (3

(3)-(E) ()3
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Then we from (2.15) have

_ - (bt
Y=-L <E+> ) (2.20a)
ror=0, () (® (2.20b)
= L1 o 2 N .
_ - (b
Y=L, (E > , (2.20c¢)
which gives rise to the relation
X=2Y (2.21)
and
B _ |
<é) = (—AL;! + DY, (2.22)

Here .¥ = L — 21+ L' is given in (2.8), which serves as the recursion operator of the sIAKNS
hierarchy. In fact, (2.21) and (2.14) indicate the following recursive relation

v [jf/ . (/1 - %)ZY} = (ESV)M — M. (2.23)

Repeating such a relation we can reach the form

74 [jff/ - (/1 - %)”Y] — (ES)M — M0, (2.24)

where following (2.22), B and € in matrix 91 are expressed as

(3)-£ G- (amejm)zon e

Thus, we can respectively take ¥ = Ky and ¥ = K; in (2.24) as initial flows, and obtain the following
zero curvature representation of the flow Kj,

M'[R,) = (EN,)M — MN,, s=0,1,---, (2.26)

where the elements of the matrix Ny are given by

B J 1\ 20k ~ 1. o
(5) =) (z_l> <_1L11+AL21> LKy, s=2], (2.27a)
§ k=1
B, / 1 2070 1, Loy ok—1
(CY>_,;<7L_/I) (—)LLI JrzL2 )z K
1 1 2 AQn‘i’%anl
L . —=2j4+1 2.27b
+2<’l 7L> (ARn_lﬂRn)’ S (2270
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and
- 1 B _
A== (E~ 1) (RE,~Qy) < 2 ) +AY), (2.28a)
S
~ 1 —1 By 5(0)
Dy=—(E—1)" (R,,—OnE)| = | +Ds", (2.28b)
A G
- - -1y s=2j
A0 _po _ [2(A=7) J: 2.28
s s %(A—%)‘V*I(lz—ﬁ),s:ﬁ—ﬂ, ( C)
for j =0,1,---. The first three N; are listed in Appendix A.
We note that N, obeys the following boundary condition
7(0)
_ A7 0
Nslg—o = _ (2.29
slo—o ( 0 D§0>> )

where Aﬁo) and Dﬁo) are given in (2.28c). In our procedure N; is uniquely determined by the above

boundary condition. This is guaranteed by the following fact (cf. [25,29]).

Proposition 2.1. Suppose that X = (X1,X>)" is a vector function of U but independent of A and N
is a 2 x 2 matrix Laurent polynomial in A living on U. Then the matrix equation

M'[X] = (EN)M — BN, N|g_o—=0 (2.30)
has only zero solution X = 0,N = 0.

We note that N, derived from Sec.2.1 as combinations of {N}‘L} also satisfies (2.29). Thus two
N; are same in light of above proposition.

3. Conservation laws
3.1. Conservation laws: Trivial in continuum limit

Infinitely many conservation laws of an integrable system can be constructed from its Lax pair
(cf. [22]), and this approach was also generalized to semi-discrete case (e.g. [20, 21, 24]). In this
subsection, we will use the same approach to construct trivial (in terms of continuum limit) conser-
vation laws of the sd AKNS hierarchy.

We begin with the spectral problem of the sdAKNS hierarchy, i.e. the AL spectral problem

E¢r = A1+ Ouo, (3.1a)
E@zz&éﬁ%cﬁz- (3.1b)
Setting @ = %, we arrive at the discrete Riccati equation [24]
AE(D:%(D—Qn(DE(D—FRn, (3.2)
which is solved by
@ = i @A+ (3.3)
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with
oV =R, 1, @7 =R, (3.42)

i1
oVt =g 1oV —0,_, jX" OWE@UH  j=23 ... (3.4b)
k=1

From the Lax pair (2.11) we have
(E—1)(Ing;)=In(1+17'0,@), (Ing)), =A,+B®,
which provides a formal conservation law
[In(1+17'0,®)]; = (E —1)(A;+ B, ®). (3.5)

Then, for the equation Uz, = K; in the sdAKNS hierarchy, with corresponding A, and B; in the above
formula, we can expand (3.5) in terms of A2 and get

oY VAN =(E-1)Y FUr. (3.6)
j=1 j=1

The coefficients of A2/ provide the infinitely many conservation laws for the equation U;, = Kj:

%6V =(E-1) 7YV j=12,--. (3.7)

However, under the continuum limit given in [27], all of them go to the first conservation law (i.e.
j = 1in (B.13)) of the continuous case (we will show this in Proposition 4.4). In other words, such
infinitely many conservation laws are trivial in terms of the continuum limit.

3.2. Conservation laws: Meaningful in continuum limit

We need to derive new forms of the conservation laws so that they are meaningful in the continuum
limit. To do that, let us introduce

®(A), (3.8)

=12 (3.9)
Z

Rewriting the discrete Riccati equation (3.2) in terms of Q and z, we obtain

where A and z are related through

1. _ | L
o= (E'-1)0- (1+7)Qn,1QE*IQ+Rn,1. (3.10)
Z Z

Inserting the following expansion

()= Y Qv 3.11)
j=1
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yields

O =R, 1, O® =R, 5(1-04_1Ru_1)—Ru_1, (3.122)
) j—1 J

QU = (5 - 1)@V — g, Y aWE1GUH - Z VETIQUHTE (3.12b)
k=1 k=1

for j=2,3,--- . The first few QU) are

QW =R, ,, (3.132)
Q(Z) = Rn—Z(l - Qn—]Rn—l) _Rn—17 (313b)
QB =Ry 1+ 2Ry 2(Qn-1Ry—1 — 1)+ Qu_ 1Ry 5(Qn-1Ry1 — 1)

+Rn73(Qn72Rn72 - 1)(Qn71Rn71 - 1) (3130)

Meanwhile, the formal conservation law (3.5) can be written as

[In(1+0,Q)]; = (E - 1)( + B,Q), (3.14)
where
(2) :AS(A)L_E, () :ABS(A)L_E. (3.15)
Note that we have expansions
In(1+0,0Q) =Y plz, (3.16a)
j=1
G+ B ="+ Y TV, (3.16b)

where sz;(()) = A§O) | P and A§°> is defined by (2.28c). Then, comparing the coefficients of z/ on

the both sides of (3.14), we obtain infinitely many conservation laws
ap=E-1)JY, j=1.2,- (3.17)

for the equation Uz, = K;. Explicit formulae of p(f' ) can be given with the help of the following
proposition (see Proposition 2 in [28]).

Proposition 3.1. The following expansion holds,

1n<1+2yl-z"> =Y hj(y)z, (3.18a)
= j=1
where
ya
hily)= Y (—1)‘“"1(|a|—1)!57 (3.18b)
lla||=J :
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and
y=0ny2), @=(0,00,---), 0€{0,1,---}, (3.18¢)
S | TRNES | (CONNLE AR 3 G.180)
i i pan =
The first few of {hj(y)} are
hi(y) =y, (3.19a)
ha(y) = —%yﬂyz, (3.19b)
hi(y) = %Y%_)’l}’z +3, (3.19¢)
ha(y) = —%yi‘ﬂ?yz—ylys - %y§+y4. (3.19d)

For convenience, we call {4;(y)} h-polynomials and we will see that they play quite helpful
roles in our investigation.
With the help of 4-polynomials, {p{/)} are expressed as

pYU =hiy), j=1.2,, (3.20)

with y; = QnQ(i). The first two ﬁ(j) are
PV = Q4R 1, (3.21a)
p = — %Qn 2Ry 2(Qn- 1Ryt — 1)+ Ry 1 (QuRy1+2)]. (3.21b)

It is known that all the equations in the sdAKNS hierarchy share the same conserved densities,
while the associated fluxes depend on the time part of the Lax pairs.
The infinitely many conservation laws are not trivial in the continuum limit (see Sec.4.4).

3.3. Conservation laws: Combinatorial relation

In this subsection, we prove that each conserved density ﬁ(j ) is a combination of certain conserved
densities {6} and the same combinatorial relation holds for the corresponding conservation laws.
To find this relation we first prove the following lemma.

Lemma 3.1. [f
IOCEES WASIOWEEE ¥ 6.2)
j=1 s=1

where X = (x1,X2,- -+ ), then we have

hi(y) = Y (-1 Cih(x), j=12,-, (3.23)
s=1
where
m!
n
= >
C, lm—n)t’ m>n
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Proof. First, expanding the r.h.s. of (3.22) in terms of z and comparing the coefficients of 7/, we
find

hi(y) = hi(x), (3.24a)
ha(y) = ha(x) — hi(x), (3.24b)
ha(y) = h3(x) — 2hy(x) 4 hi (x), (3.24c)
ha(y) = ha(x) — 3h3(x) + 3ha(x) — 11 (x), (3.24d)

which cope with the formula (3.23) for j = 1,2,3,4. Next, let us go to prove that (3.23) holds for
generic j. This is equivalent to prove

<i(—1)k—lzk)s = i(—l)f—sc;jzf. (3.25)

k=1 j=s

Based on (3.24), let us suppose that (3.25) is true for s < i. Then, when s =i+ 1 we find

(B (g ) (o)

k=1 k=1 k=1
- (Z<—1>klzk) ¥
k=1 I=i
_ ¥ (i 1<2Cf11>zj.
j=it1 I=

Then, by the combinatorial formula

n+1
Z Cn+k Cn+m+l )

we immediately obtain

(i(_l)klzk)i _ Z ~(i+1) 71117

k=1 Jj=i+1

which means (3.25) is true for s = i + 1. Thus, with the help of mathematical inductive method we

complete the proof. O
Now, noting that employing h -polynomials {/;(y)} we have p/) = h;(y) and G = hj(x)
where y; = 0,Q ) and xi = 0,0\, we immediately reach the following relation for p ) and 61/,

Proposition 3.2. The conserved densities ﬁ(j ) and 6\9) enjoy the following combinatorial relation,

M\.

p(/): (—1)/~ SCj 115() j=12---. (3.26)

s=1

4. Continuum limits

Since the integrable discretizations usually break the original dispersion relations, it is not easy,
in general, to give a uniform continuum limit which maps the discrete integrable systems together
with their integrability characteristics to the continuous counterparts (cf. [12,15-18,30]). In [27] we
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have presented a unform continuum limit which sends the whole sdAKNS hierarchy to the AKNS
hierarchy. In the following we use the scheme to investigate first the Lax pairs and then conservation
laws of the sdAKNS hierarchy. The corresponding results of the continuous AKNS hierarchy are
listed in Appendix B as reference.

4.1. Plan

Our plan for the continuum limit runs below [27]:

Replacing Q, and R, with hg, and hr,, where h is the real spacing parameter.

Let n — o0 and & — 0 such that nh finite.

Define continuous variable x = xg 4 nh. Then for a scalar function, for example, ¢,,, one has
Gn+j = q(x+ jh). For convenience we take xo = 0.

Define temporal coordinate relation t; = h’f; for s =0,1,---.

Continuous spectral parameter 7 is defined by A = /.

Here we remark the following. The above continuum limit scheme means that the discretization
from the AKNS hierarchy to the SAAKNS hierarchy is direct. This is different from those discrete
systems obtained from the so-called Miwa transformation [14]. Miwa’s transformation led to a
discretization for the famous Sato theory [5-9]. In that approach discrete independent variables are
directly added into the continuous dispersion relation, which essentially breaks the original spatial
and temporal independence. As a consequence, when taking continuum limit to recover a integrable
continuous nonlinear system from a discrete system obtained through the discrete Sato theory, one
needs to allocate independent variables so that the new independent variables coincide with the
desired continuous dispersion relation.

4.2. Hierarchy

In Ref. [27] we have shown that in the above continuum limit the whole sdAKNS hierarchy (2.7)
goes to the continuous AKNS hierarchy (B.5). Let us briefly recall these results.
In the continuum limit described in Sec.4.1, it can be shown that

Ko = Koh+ O(h?), (4.1a)

Ky =KR?+0(1), (4.1b)
and

L =L+ 0(h). (4.2)

Then, from the recursive structure of the SAAKINS hierarchy (2.7), the continuum limits for the flows
are

Ry =Knm '+ 07?2, s=0,1,---, (4.3)
and at the level of equations we have the following.
Proposition 4.1. Under the continuum limit described in Sec.4.1, we have
Us

s

— Ky = (u;, — KR+ O(h*?), s=0,1,---. (4.4)
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4.3. Lax pairs

Based on the continuum limit designed in Sec.4.1, it is easy to find that the continuum limit of the

spectral problem (2.11a) is

ED—Md = (&, — M®)h+ O(h?).

4.5)

To investigate the relations in the continuum limit between the time parts of the Lax pairs (B.1) and

(2.11), we rewrite (B.3b) as the following form:

(&)-
(e)-

for j =0,1,---. A direct calculation yields

d 2(j— k 20k—1) [ 4 P

Z L—|—2n)L , s=12],

J .

Z 2R (L 4-2m) L~ 1(_‘1r>+(2n)21<j’), s=2j+1

A— % =2nh+O0(h*), —AL'+ %Lgl = (L+2n)h+O(h*).

Then, from the expression (2.27) we have

<é> Lo (1)
i‘, (L4 2m)L 1( 1 >

—-r

R+ ORI, s=2j,

+(2n)2f<3>]h2f+1+0(h2f+2), s=2j+1

for j=0,1,---, namely

BS _ BS K s+1 o
(5)= (2 )wsour. s=oi-.

Next, substituting (4.8) into (2.28) we find
Ay =Ah +O(WHY), Dy=Dsh*+0(h), s=0,1,--
Therefore, from the relations (4.8) and (4.9) we conclude that
Ny =N#* +0(h*™), s=0,1,---.
As a result, we have the following.
Proposition 4.2. Under the continuum limit described in Sec.4.1, for Lax pairs we have

ED—M® = (®, — MDP)h+ O(h?),
q_)t—é—qu_):(q)tv—qu))hs—i—O(h“FFl)? S:()?]?...
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4.4. Conservation laws

In this part we will investigate continuum limit of the infinitely many conservation laws obtained in
Sec.3 for the sdAKNS hierarchy (2.7). We need to examine the relations between Q) and ow'), &
and w, the Riccati equations (3.10) and (B.7), the formal conservation laws (3.14) and (B.11), and
the infinitely many conservation laws (3.17) and (B.13), respectively.

First, for the relation between QU) and o), we have the following result.

Lemma 4.1. Under the continuum limit described in Sec.4.1, we have
Q) = @Wni oW, j=1,2,---, (4.12)

where Q and w) are defined in (3.12) and (B.9), respectively.
Proof. We use mathematical inductive method. First, for j = 1,2, we find that

O =R, =rh+O0(K?),

QP = Ry2(1 = Qu-1Ry-1) = Rt = ri* + O(?),
which means the relation (4.12) holds for j = 1,2. Then we suppose

QW = @D 4 o(n')
is true for any i < j. Then, from the recursive relation (3.12b) we find
QU+ — (71 - 1N — 0, , E QWE-1QU-0 _g. | i oM p-15U+1-k)
k=1 k=1
j—1

- (7 ol —q¥ w(k)w(j*k)> RO L o(hit2)
k=1
(0]

UHDRUD L o(RI+?),

where the last equality coincides with the recursive relation (B.9b). Therefore (4.12) holds for any

j> L O
Now we come to the relation between Q and @. Let us go back to the expansion (3.11), i.e.
Qz)=Y QU (4.13)
j=1
Noting that
1
z:m:(Zn)’lh’l—i—O(l), (4.14)

and inserting (4.12) and (4.14) into (4.13), we have

Qz)=Y OV =Y 0 (2n)~ +0(h), (4.15)
j=1 j=1
namely,
Q=w+0(h). (4.16)

This gives the relation between Q and ®.
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Next, let us look at the relation between the Riccati equations (3.10) and (B.7). Substituting
(4.16) into the Riccati equation (3.10) yields

la- [(E‘1 -1)Q— (1 + 1)anlsz—lfz +Rn71]
< <
= 210 — (0, — q0* + 1)L+ O(1?), (4.17)

which means the Riccati equation (3.10) goes to the continuous (B.7) in the continuum limit.
We also need to check the formal conservation laws (3.14) and (B.11). For the Lh.s. of (3.14),
by using (4.16) it is easy to see that

In(1+Q0,Q) = (go)h+ O(h?). (4.18)
Meanwhile, from the relations (3.15) and (4.10) we immediately reach
oy = Ah* +O(W*), By =B +0(h*™), (4.19)
which provides
oty + B = (A + Byo)h* + OB+, (4.20)

Thus, for the relation of the formal conservation laws of (3.14) and (B.11), we have the following.
Lemma 4.2. Under the continuum limit described in Sec.4.1, we have

[In(1+ 0,8, — (E—1)( + %,0)

=[(qo),, — (A; + Byw) | /" + O(h*?), 4.21)
which describes the relation of the two formal conservation laws.
Finally, we focus on the continuum limits of the infinitely many conservation laws (3.17), i.e.

opV =E-1D, j=12,. (4.22)
The common conserved densities ﬁ(j) are determined by (3.16a) with (3.20) and y; = Q,,Q@. To
investigate the continuum limit of p/), we introduce degrees of functions (cf. [27]).

Definition 4.1. Under the plan described in Sec.4.1, a function F(U) can be expanded as a series
of h. The order of leading term of the series is called the degree of F(U), denoted by deg F'.

For example,
degQ, =1, degQ¥ =i, degy;=i+1, degh,=s, degz=—1.

Now, looking at the definition (3.18b) of h-polynomials 4;(y) (as examples see (3.19)), since
degy; =i+ 1, we can find that deg/;(y) = degy; = j+ 1 and

hi(y) fim Y

h—0 R+l g piTL

Since y; = 0,QV) = go /! + O(h/*?), we immediately find

pY) = hi(y) = q@Vn/*! + O(h*?), (4.23)

which means in the continuum limit we have p{) — p) = g/) and degp’) = j+ 1. Next, to
balance the degrees of both sides of (4.22), degfy ) must be j+s. Therefore, we can suppose J_S(VJ ) to
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be the following form
jb(j) _ Wy(j)hjﬂ + ORI, (4.24)

This means, in light of (4.14), we have

]éj)zj _ Ws(j) 2n) '+ o(rth), (4.25)
and further, from (3.16b) we get

QZ+«@SQ—J2/;(O) _ iﬂj)zj _ <i Ws(j)(zn)j> W+ O(h ).
Jj=1 J=1
On the other hand, from (4.20) and (B.12) we find
o+ B — A =[A+ By — %(217)&} B+ O(h )

= (i J§f>(2n)—f> B +0(h* ).
=1

Thus, comparing the term of (217)~/ immediately yields Ws(j ) = Js(j ), which gives rise to

Now we can sum up the discussion of this subsection.

Proposition 4.3. Under the continuum limit described in Sec.4.1, for the infinitely many conserva-
tion laws of the sdAKNS hierarchy we have

ﬁ(j) - p(j)th +0(hj+2), (4.27a)
JD — JO R 4 o+, (4.27b)

and
9 pY) — (E -1 = (3,0 — 9/ )W+ - O 5+2), (4.28)

fors=0,1,--- and j=1,2,---, which describe the relation of the two sets of infinitely many con-
servation laws.

At the end of this part, let us take a look at the continuum limit of the conserved densities
&) = hj(x) with x; = 0, @7, which were derived in Sec.3.1 (also see [24]). Obviously,

@V =R, =hr+0(h?), ®? =R, =hr+0(h?),
which means deg o) = deg ®? = 1. Then, from the recursive structure (3.4) we find
degd =1, j=1,2,--,
and

@) =hr+0(h?), j=1,2,---
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Thus we get
xj=qrit +O(h),  j=12,,
and then from the definition of /;(x) we obtain
hi(x) = gri® +O(K), j=1,2,---.

Proposition 4.4. All the conserved densities 5\ = h;(x) with x; = Q,®Y), which are derived in
Sec.3.1 (also see [24]) for the AL hierarchy as well as for the sdAKNS hierarchy, are trivial in the
sense that under the continuum limit described in Sec.4.1

GV =g +0(n%), j=1,2,--

In other words, in our continuum limit, all of the conserved densities {c‘r(j)} go to p(l) = qr, which
is the first conserved density of the AKNS hierarchy.

5. Conclusions

In this paper we have investigated the sdAKNS hierarchy, and specifically their Lax pairs and
infinitely many conservation laws, as well as the corresponding continuum limits. The Lax pairs and
conservation laws of the sAIAKNS hierarchy were rederived so that they cope with their continuous
counterparts in continuum limit. We performed a uniform continuum limit in which the sdAKNS
hierarchy, their Lax pairs and infinitely many conservation laws go to their continuous counter-
parts of the AKNS system. In this continuum limit scheme the spatial and temporal independence
is kept. The same scheme has been also used to explain the structure deformation of symmetry
algebra [27]. Such structure deformation of Lie algebras usually happens in semi-discrete cases and
suitable continuum limit schemes are useful in the explanation of the structure deformation (see
also the example of the semi-discrete Kadomtsev—Petviashvili hierarchy [10]). For the sdAKNS
hierarchy, Hamiltonian structures and their continuum limit will be investigated later.

Finally, a further comment is given for conservation laws. The known infinitely many conser-
vation laws derived in [24] for the AL hierarchy as well as for the sAAKNS hierarchy are trivial
in terms the continuum limit. We have shown that all the conserved densities 5/) go to the same
p") = gr which is the first conserved density of the AKNS hierarchy. For the sdAKNS hierarchy, we
have given new forms of the conservation laws which agree with their continuous counterparts. They
are related to those trivial ones through explicit combinatorial relation. We made use of degrees of
functions to investigate continuum limits and /-polynomials also play quite helpful roles in our
investigation.
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Appendix A. The first three N

Here we give the first three of Nj:

_ % 0
o= < > (A.1a)
0-4
=_(2 natn 2 n n
Ny = 2 ( Rnfl)t +Rn)L*1 _élz_inRn—“;Az) 3 (Alb)
_ 22— (14 QuR, 1)+ 31272 O — 0, 1A
— 2 nif\n 3 n "
" < Ricid = Rid ™! —£12+(1+Qn1Rn>—;w>~ (A1o)

Appendix B. Results of the AKNS hierarchy
B.1. The AKNS hierarchy and Lax pairs
The AKNS spectral problem coupled with a time evolution part reads [1]

@, — MP, M:(T’ q), u:(q>, q>:<¢1>, (B.1a)
r—nm r (05}

Ay B
b, = N;P s = 5§ =0,1,2--- B.1
) N 9 N (Cs _As) 9 N 07 9 9 ( b)

where 1] is a spectral parameter independent of time, ¢ = ¢(x,#) and r = r(x,t) are potential func-
tions and Ay, By and C; are polynomials of 17 depending on ¢, r and their derivatives. The sub-s is
used to indicate the s-th equation in the AKNS hierarchy. To obtain the AKNS hierarchy, starting
from the zero curvature equation

oM — Ny + [M,N;| =0, s=1,2,---, (B.2)

N

where [M,N;] = MN; — N;M, one can expand

and then rewrite (B.2) as the following,

w, =Ky, =L* (_"r> : (B.3a)
<Bs> = o3 ikal < q ) (2n)s7k’ (B3b)
Cs = —r
B\ 1,
A= =07 r=a) (&) + e (B.30)

where L is the recursion operator defined as

L:—oax—2<;3<"{>a;1(r,q), oy = <(1)_01>. (B.4)

Co-published by Atlantis Press and Taylor & Francis
Copyright: the authors
338



Downloaded by [UT Pan American] at 07:20 22 July 2015

W. Fu, Z.J. Qiao, J.W. Sun, D.-J. Zhang / Semi-discrete AKNS System
(B.3a) is referred to as the AKNS hierarchy. The hierarchy can start from s = 0 by defining Ky =
(g,—r)T. Thus, the AKNS hierarchy is expressed as

—r

u,x:KS:L“(q), s=0,1,--. (B.5)

(B.1) is called the Lax pair of the hierarchy (B.5).

B.2. Conservation laws

The infinitely many conservation laws of the AKNS hierarchy can be constructed from their Lax
pairs (cf. [22]). Starting from the AKNS spectral problem (B.1a), i.e.

O1x=N¢1 +q02, (B.6a)
P20 =101 =M P2, (B.6b)
and setting @ = %, we are able to obtain a Riccati equation
MO =—0,—qo°+r, (B.7)
which is solved by a series-form
o — Z ol (277)7]. (B.8)
j=1
with
oV=r o?=—r, (B.9a)
. N2l ‘
o) = oY —¢Y 0oWelb,  j=23.... (B.9b)
k=1

Next, from the Lax pair (B.1) one can find
(Ingp), =N +qo, (Ing), =A;+ B,w, (B.10)

where A; and B, are expressed by (B.3c) and (B.3b), respectively. The compatibility condition
(In¢n)xs, = (Ingy);, « leads to a formal conservation law

(q),, = (A5 + B;0);. (B.11)

To derive infinitely many conservation laws, one needs to insert (B.8) into (B.11) and expand (B.11)
into a series in terms of 27. After expansion one finds
1 > (i ;
A+Bo=3(2n)+ Y 79 ), (B.12)
j=1

where the term %(217)5 comes from Ag|,—o and contributes nothing to the conservation laws. The
coefficients of every different power of 27 in (B.11) compose the infinitely many conservation laws

dhpV =aJ4, =12, (B.13)
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We note that the infinitely many conserved densities {p(j)} are shared by all the equations in the
AKNS hierarchy. The first three of the conserved densities are

pW =g, p¥ =—qr,, p¥ =gra—q’r. (B.14)

The associated fluxes depend on which equation is considered in the hierarchy.
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