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Abstract Though completely integrable Camassa—Holm (CH) equation and
Degasperis—Procesi (DP) equation are cast in the same peakon family, they possess the
second- and third-order Lax operators, respectively. From the viewpoint of algebro-
geometrical study, this difference lies in hyper-elliptic and non-hyper-elliptic curves.
The non-hyperelliptic curves lead to great difficulty in the construction of algebro-
geometric solutions of the DP equation. In this paper, we study algebro-geometric
solutions for the derivative Burgers (DB) equation, which is derived by Qiao and Li
(2004) as a short wave model of the DP equation with the help of functional gradient
and a pair of Lenard operators. Based on the characteristic polynomial of a Lax matrix
for the DB equation, we introduce a third order algebraic curve K,_; with genus
r — 1, from which the associated Baker—Akhiezer functions, meromorphic function,
and Dubrovin-type equations are constructed. Furthermore, the theory of algebraic
curve is applied to derive explicit representations of the theta function for the Baker—
Akhiezer functions and the meromorphic function. In particular, the algebro-geometric
solutions are obtained for all equations in the whole DB hierarchy.
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1 Introduction

The derivative Burgers (DB) equation
Uxxt + 3uxtyy + ultyyy =0, i€, (U + uuy)yx =0, (L.1)

was first proposed by Qiao and Li in a search for a short wave model from the
Degasperis—Procesi (DP) equation through using asymptotical procedure on inte-
grable PDEs (Qiao and Li 2004). Two years later, Matsuno studied cusp and loop
soliton solutions of the short-wave model for the DP equation (Matsuno 2006). Lund-
mark investigated the formation and dynamics of shock solitary waves for the DP
equation (Lundmark 2007) as well as mentioned the dB equation (1.1) belonging to
an integrable hierarchy described by Qiao and Li (2004). Thereafter, Kohlenberg et
al. (2007) constructed the inverse spectral problem for the discrete cubic string related
to a third order spectral problem.

For our convenience of brevity, the dB equation (1.1) may be called the DB equa-
tion, and the corresponding system of evolution equations is therefore called the DB
hierarchy for short.

Quasi-periodic solutions (also called algebro-geometric solutions or finite gap solu-
tions) of nonlinear equations were originally studied on the KdV equation based on
the inverse spectral theory and algebro-geometric method developed by pioneers such
as the authors in Ablowitz et al. (1974) ,Belokolos et al. (1994), Krichever (1976),
Krichever (1977), Novikov et al. (1984), Dubrovin (1977), Dubrovin (1981), Dubrovin
(1983) in the late 1970s. This theory has been extended to the whole hierarchies of
nonlinear integrable equations by Gesztesy and Holden using polynomial recursion
method (Gesztesy and Ratneseelan 1998; Gesztesy and Holden 2003a, b; Gesztesy et
al. 2008; Geronimo et al. 2005; Bulla et al. 1998) and by Zhou and Qiao using the Lax
matrix and r-matrix structure (Qiao 2001, 1998; Zhou 1997). As a degenerated case
of algebro-geometric solution, the multi-soliton solution and elliptic function solution
may be obtained (Belokolos et al. 1994; Novikov et al. 1984; Matveev and Yavor
1979). It is well known that the algebro-geometric solutions of the Camassa—Holm
(CH) hierarchy have been obtained with different techniques, see Gesztesy and Holden
(2003a), Qiao (2003), and Fan (2009). However, within the authors’ knowledge, the
algebro-geometric solutions of the DB hierarchy are still not presented yet.

Over the past three decades, integrable equations associated with 2 x 2 matrix
spectral problems have widely been studied. Various methods were developed to con-
struct algebro-geometric solutions for water wave equations, such as KdV, modified
KdV, Kadomtsev— Petviashvili, nonlinear Schrodinger, Camassa—Holm, sine-Gordon,
Ablowitz—Kaup—Newell-Segur (AKNS), Ablowitz—Ladik lattice, Toda lattice, etc.
(Belokolos et al. 1994; Krichever 1976, 1977; Novikov et al. 1984; Dubrovin 1977,
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1981, 1983; Gesztesy and Ratneseelan 1998; Gesztesy and Holden 2003a, b; Gesztesy
etal. 2008; Geronimo et al. 2005; Bulla et al. 1998; Fan 2009; Hon and Fan 2005; Qiao
2003, 2001, 1998; Ma and Ablowitz 1981; Date and Tanaka 1976). But it is very diffi-
cult to extend these methods to soliton equations associated with 3 x 3 matrix spectral
problems. The main reasons for this complexity may get traced back to the associ-
ated algebraic curve, which is non-hyperelliptic of the third order typically arising in
the 3 x 3 spectral problem while it is hyper-elliptic of the second order in the 2 x 2
case.

In 2004, Qiao and Li proposed the DB hierarchy, which may be viewed as a short
wave integrable hierarchy of the DP equation through the procedure of functional gra-
dient and recursion operator, connected the DB hierarchy (including the DB equation
1.1) to finite-dimensional integrable systems, and gave the DB equation’s peaked trav-
eling wave solutions. Dickson et al. (1999a,b) proposed an unified framework, which
yields all algebro-geometric solutions of the entire Boussinesq hierarchy. Geng et al.
(2011) further investigated the algebro-geometric solutions of the modified Boussinesq
hierarchy in their recent paper.

The purpose of this paper is to construct the algebro-geometric solutions for the DB
hierarchy which contains the short wave model of the DP equation—the DB equation
(1.1) as a special member. The whole paper is organized as follows. In Sect. 2, based on
the Lenard recursion operators and the stationary zero-curvature equation, we derive
the DB hierarchy associated with a 3 x 3 matrix spectral problem. In Sect. 3, we
study the meromorphic function ¢ satisfying a second-order nonlinear differential
equation. In Sect. 4, we present the explicit theta function representations for the
Baker—Akhiezer function and the meromorphic function. In particular, we give the
algebro-geometric solutions of the entire stationary DB hierarchy. In Sects. 5 and 6,
we extend all the Baker—Akhiezer function, the meromorphic function, the Dubrovin-
type equations, and the theta function representations dealt with in Sects. 3 and 4 to
the time-dependent cases.

2 The DB Hierarchy

In this section, we derive the DB hierarchy and the corresponding sequence of zero-
curvature pairs by using a Lenard recursion formalism (see Qiao and Li (2004) for
more details). Throughout this section, we make the following hypothesis.

Hypothesis 2.1 In the stationary case we assume that u : C — C satisfies
u e C®(C), o*u e L®(C), k e No. (2.1
In the time-dependent case we suppose u : C> — C satisfies

u(-,t) € C*(C), d*u(-,t) € L*(C), k e No,t € C,
u(x, ), uee(x, ) € CH(C), x € C. (2.2)
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We start by the following 3 x 3 matrix spectral problem

Y1 0 10
Ye=UY¥, v=\|Y2|, U= 0 011, 2.3)
V3 —mz7' 00

where m = u,,, the function u is a potential, and z is a constant spectral parameter
independent of variable x. Next, we introduce two Lenard operators

K =9, (2.4)
J = —32md + Im)d > (ma + 20m). (2.5)

Obviously, K and J are two skew-symmetric operators. A direct calculation shows
that

K '=3>

J! —21—7m72/3371m’1/383m*]/38*‘m*2/3,

and we further define an operator
& =K' =-33722md + am)d "> (md + 20m).
Choose Gy = % € kerK; the Lenard’s recursive sequence is defined as follows:
Gioi=27'G;, j=1,2,... (2.6)
Hence G are uniquely determined, for example, the first two elements read as

_1 _ 4 2
Gy = 6’ G| =—0" " (uuyy +MX)~

In order to obtain the DB hierarchy associated with the spectral problem (2.3), we
first solve the stationary zero-curvature equation

Vi = U, V]=0, V= (Vj)isx3 2.7
with
Vit Viz Vi3
V=|Va Vo Va3, (2.8)
Vii Vi V33
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where each entry V;; is a Laurent expansion in z,

n
Vij = > VG2 i j=1,....3, £=0,....n. (2.9)
£=0

Equation (2.7) can be rewritten as

Vite = Vo + 27 'mVis,
Vizx = Voo — Vi,
Vizx = Va3 — Vig,
Vorx = Vi + 27!
Vao,x = V3o — Vau, (2.10)
Va3 x = Va3 — Voo,

Vaix =2 'm(Vs3 — Vi),

mVp3,

-1
Vap o = =27 mVip — V3,

Vise = —2 'mViz — Va.
Inserting (2.9) into (2.10) yields

VY = 27 'Gear — 3272072 (md + 20m) Gy,

VY =3271Gy 43272073 (md + 20m)Gy,

vy =—62""Gy,

Vo) = =271 Gpaex — 327207 G,

Vz(g) =277 Goxxs (2.11)

VY = —3z7'Gy . + 3272973 (md + 20m)Gy,

V3P = =2 Goxrrx — 3279md 3 (md + 28m) Gy,

V3(§) =7 'Gpar — 327207 ' MGy,

Vs(f) = _ZilGZ,xx +3272072(md + 20m)Gy.
Substituting (2.10) and (2.11) into (2.7), we can show that Lenard sequence G satisfies
the Lenard equation

KGy=2"2JGy, €=0,1,.... (2.12)

For our use in Theorem 6.2, we introduce the following notation:

VZ(f‘O) = _Gl,xxx, Vz(le’l) = —38_1mGg’x,
(£,0) 1)
V22 = 2G€,XX1 V22 = 0,
VED = 3G, VLD =3073md +20m)Gy.
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Let ¢ satisfy the spectral problem (2.3) and an auxiliary problem

Vi, =V, (2.13)

where V is defined by (2.8) and (2.9). The compatibility condition between (2.3) and
(2.13) yields the zero-curvature equation

Uy, — Ve + U, V] =0,
which is equivalent to the DB hierarchy
DB, (u) =m;, — X, =0, n >0, (2.14)
where the vector fields are given by
X, =JG, =JZL"Gy, n=>0.

By definition, the set of solutions of (2.14), with n ranging in Ny, represents the class
of algebro-geometric DB solutions. At times it is convenient to abbreviate algebro-
geometric stationary DB solutions u simply as DB potentials.

The system of equations DB (u#) = 0 represents the DB equation.

In order to derive the corresponding plane algebraic curve, we consider the station-
ary zero-curvature equation

2\?2v, = (U, %V, (2.15)

which is equivalent to (2.7), but the term z!/?V can ensure that the following algebraic
curve is in positive powers of z.

A direct calculation shows that the matrix yI — z!/2V also satisfies the stationary
zero-curvature equation; then we conclude that

d
—(det(yI —z'/?v)) =0,
dx

which implies that the characteristic polynomial det(y/ —z'/?V') of Lax matrix z!/>V
is independent of the variable x. Therefore we define the algebraic curve

Fr(z, y) = detiy] — z'2V) = y3 + y8:.(2) — T4 (2), (2.16)

where S, (z) and T, (z) are polynomials with constant coefficients of z,

S.(0) = Z( Vit Viz Vo Va3 Vit Viz ) 2.17)
Var Voo Vzp Va3 Va1 Vi3
Vii Via Vi3
T,(2) =22 | Va1 Voo Vazl. (2.18)
Va1 Va3

In order to ensure the polynomials with integer powers, we introduce z = 72, and the
algebraic curve becomes,
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FrGy) =y +y853) — T.(2), (2.19)

where S, (z) and T, (Z) are polynomials with constant coefficients of Z,

Y AR4EA %P Vay Va3 Vit Vi3 el
S.(2) = 7* => 5.3 (220
Var Vo Vio V33 Vii Va3 ]
Vit Viz Vi3 6n
() =2 |Va Voo V3| = Z T, 71201720 (2.21)
Vi1 Va Va3 =0

We note that 7, (z) is a polynomial of degree r (r = 12n + 1) with respect to Z, and
then F,(zZ, y) = 0 naturally leads to the plane third-order algebraic curve K, _| of
genus 7 — 1 € NI,

Kit i FrZy) =y 498G - T,(2) =0, r=12n+1. (2.22)

The algebraic curve /C,_1 in (2.22) is compactified by joining a point at infinity P,
but for notational simplicity the compactification is also denoted by /C,_;. Points on
Kr—1\{ P} are represented as pairs P = (Z, y(P)), where y(-) is the meromorphic
function on /C, _ satisfying F, (z, y(P)) = 0.

The complex structure on /C,_; is defined in the usual way by introducing local
coordinates

{QOP—)CZZ—ZO

near points Q¢ = (Zo, ¥(Qo)) € K,-1\{Po = (0, 0)}, which are neither branch nor
singular points of /C,_y; near Py = (0, 0), the local coordinate is

tpy i P ¢ =733, (2.23)

and similarly at branch and singular points of /C,_; near the point Py, € K,_1, the
local coordinate is

lpytP—>¢=2753. (2.24)
The holomorphic map *, changing sheets, is defined by

{Kr—l — Kr—1,
*

P** = (P*)*, etc., (2.25)

! The computation of the genus see Dickson et al. (1999a,b).
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where y;(2), j =0, 1, 2 denote the three branches of y(P) satisfying 7, (Z, y) = 0.
Finally, positive divisors on /C,_1 of degree r — 1 are denoted by

Dp,...p_,: [k if P occurs k times in {Py, ..., P._1},

0if P ¢ {Pr,..., Pr_y).
(2.26)

In particular, the divisor (¢ (-)) of a meromorphic function ¢ (-) on C,_; is defined by
(@) : Krot = Z, P> wp(P), (2.27)

where wy(P) = mg € Z if (¢ o ;;1)(4‘) = Zn —mo cn(P)E™ for some my € Z by
using a chart (Up, {p) near P € K,_;.

Remark 2.2 'We investigate what happens at the point infinity on our DB-type curve
IC,_1. Following the treatment in Mumford (1984) we substitute the variable v = 7!
into (2.22), which yields

12n+1 3 +(Sr0+S 1U + +Sr,4n—1U8n_2)U4n+1y
- (Tr,() + -+ Trenv 12”) =0. (2.28)

Let vy = v**1y and (2.28) becomes

013 + (Sr,() + Sr,lv2 +...+ Sr,4nv8n)vzvl
—(Tro+ ...+ Trav?M0? = 0. (2.29)

Let v — 0 (corresponding to z — 00) in (2.29) to obtain vf = 0. This corresponds to
one point of multiplicity three at infinity, given by (v, v1) = (0, 0). We therefore use
the coordinate (2.24) at the branch point at infinity, denoted by P.

Similarly, near point Py = (0,0) € K,_;, one finds y3 = 0 by taking Z — 0 in
(2.22). This corresponds to one point of multiplicity three at 7 = 0. We therefore use
the coordinate (2.23) at the branch point Py.

3 The Stationary DB Formalism

In this section, we are devoted to a detailed study of the stationary DB hierarchy.
Our principle tools are derived from a fundamental meromorphic function ¢ on the
algebraic curve /C,_;. With the help of ¢ we study the Baker—Akhiezer vector  and
Dubrovin-type equations.

First, we give a brief description about the Baker—Akhiezer functions. The expo-
nential e® is analytic in C and has an essential singularity at the point z = oo. If ¢ (z) is
arational function, then f(z) = €9 is analytic in C = CP! everywhere except at the
poles of ¢(z), where f(z) has essential singular points. In the last century Clebsh and
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Gordan considered generalizing functions of exponential type to Riemann surfaces of
higher genus. Baker noted that such functions of exponential type can be expressed
in terms of theta functions of Riemann surfaces. Akhiezer first directed attention to
the fact that under certain conditions functions of exponential type on hyper-elliptic
Riemann surfaces are eigenfunctions of second-order linear diferential operators. Fol-
lowing the established tradition, we call functions of exponential type on Riemann
surfaces Baker—Akhiezer functions.

Next, we introduce the stationary vector Baker—Akhiezer function ¥ = (Y1, ¥,

V3)

Vx (P, x, x0) = Uu(x), Z(P)¥ (P, x, X0),
2V @ux), Z(P)Y (P, x, x0) = y(P)Y¥ (P, x, x0),
V2(P,x0,x0) =1, P =2, y) € Kroi\{Peo, Po}, x € C. (3.1

Closely related to ¥ (P, x, xg) is the meromorphic function ¢ (P, x) on KC,_; defined
by

~I//2,X(Ps x’ xO)

¢(P,x) =7 rPoxixg) Pek,_1, xeC (3.2)

such that
Y2 (P, x, x9) = exp (Z_l/ ¢(P,X/)dx/), P e K 1\{Px, Po}. (3.3)
x0

By using (3.1), a direct calculation gives

~yV3l‘|'Cr ZFr ~y2V21_yAr+Br
¢ =z = ) =2z N (34)
yWa+ A y*V3i—yC + Dy E,

where

A, =Z2(V3 Va1 — VazVar) = 2[Vaa V31 + Var (Vo + Vi1,

B, = [V (Vi1 Va1 + Va3 V1) — Va1 (ViaVar + VasVao)l,

Cr =2(Va1 V3o — Voo Va1) = Z[ Va1 V3o + V31 (Vi1 + V33)],

Dy = 22 [V31(V11V33 — Vi3 Va1) + Vi (Va1 Vas — Vas Vs)], (3.5)

Er = 22[Vo3(Va1 V33 — Vi1 Va1 — VasVap) + ViV,

Fr = 22[V31(Vaa Vo — Vi1 Vaa + Via Vap) — Vo V1. (3.6)
The quantities A,, ..., F, in (3.5) and (3.6) are of course not independent of each

other. There exist various interrelationships between them and S,, 7., some of which
are summarized below.
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Lemma 3.1 Let (2, x) € C2. Then

Va1 Fr = V31D, — C} = V33 S,

ArFy = T,V + G, Dy, 3.7
Vs1E, = Va1 B, — A2 — V3 S,,
ErCr = TrV221 + ArBra (38)

Vo1 Dy + V31 B, — V21 V315, + A C, =0,
T, V21 Va1 + 8, Cr Vo1 + S A Va1 — Ay Dy — B, C, =0,

E F = _TrCrVZI - TrArV3l + B, Dy, (39)
Er,x = _2Srv21 + 3Brv
Va1 Frx = 327 2mV33 Fy + 2 2mVap(=2V31S, + 3D,). (3.10)

Proof Relations (3.7)—(3.9) are clear from (2.22) and (3.4). Equation (3.10) is a
straightforward consequence of (3.6) and the stationary zero-curvature equation (2.10).
O

By inspection of (2.11) and (3.6), one infers that E, and z> F, are polynomials with
respect to Z of degree r — 1. Let {u;j(x)};j=1,...,—1 and {v;(x)};=1,...,—1 denote the
zeros of E,(x) and 32 F,(x), respectively. Hence we may write

r—1
Ey = Epo [ [G—p00, (3.11)
j=1
r—1
Fr=7Fo [[G—v;00). (3.12)
j=1

Defining
Ar(uj(x), x)
Var(uj(x), x)

Cr / )
M) €eKrp, j=1,....r—1,xeC. (314
V31(Uj(x),x)

ajx) = (,uj(x), — ) ek—1, j=1,...,r—1,xeC, (3.13)
Dj(x) = (Vj(x), -
One infers from (3.4) that the divisor (¢ (P, x)) of ¢ (P, x) is given by

(@(P,x)) =Dpyp)(P) = Dp i) (P), (3.15)

where
D) = {01(x), ..., D1 ()}, Ax) = {1(x), ..., -1 (X))}
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Since from (2.25), y;(2), j =0, 1, 2 satisfy 7. (Z, y) = 0, that is,

& = 30@ = @G —n@) =y’ +y5@ -3 =0, (3.16)
we can easily get

Yo+ y1+y2=0, yoyi +yoy2 +y1y2 = S-(2),
yoviya =T:(3), y§+yi+v3 =25, (3.17)
Yo+ i+ =3T3, Yyi+ 35y +yivi = SHE).

Further properties of ¢ (P, x) and ¥ (P, x, xo) are summarized as follows.

Theorem 3.2 Assume (3.1),(3.2), P = (Z,y) € Kr—1\{Poo, Po}, and let (Z, x, xg) €
C3. Then

~—1 ~—2,3 my (x)
Gxx (P, x) +327 ¢(P,x)px (P, x) +2 "¢ (P, x) — o) ¢ (P, x)
10 0 b fmnz! =0, (3.18)
m(x)
$(P.)B(P*, (P, x) = —5 &) (3.19)
E}’(va)
$(P.x) + B(P*, x) + p(P, x) = 32D (3.20)
E.(Z,x)
1 1 1 V31 F (2, x) -_1V33
= — 3z =2 3.21
$Px) T PP ) (P mVaERGx) O Vm 62D
Y(P)P(P,x) + y(P)P(P*, x) + y(P*)p(P™, x)
_ Z3Tr(5)‘/21(2,3€) :l- 285, (DA (2, X)’ (3.22)
E.(z,x)
* Kk EV(Z’ x)
Yo (P, x, x0) Y2 (P™, x, x0) Y2 (P™, x, x0) = G ) (3.23)
r(zny)
ES skk Fr(zax)
WZ,x(P’x,xO)WZ,x(P s Xy xO)I/IZ,X(P s Xy xO) = _E~—a (324)
r(Z’xo)
[EG0]7"
Yo (P, x,x0) = [m]
X 2 =y = 2 = =
§ exp( / VPP Vot G ) = y(PAY G x) 4 38,V (2,2 dx/)_ 525)
X0 Er(Z,x')

Proof Equation (3.18) follows using the definition of (3.2) of ¢ as well as relation
(3.1). Equations (3.19)—(3.25) are clear from (3.2), (3.4), (3.7)-(3.10), and (3.17). O

Next, we derive Dubrovin-type equations which are first-order coupled systems
of differential equations and govern the dynamics of the zeros u;(x) and v;(x) of
E,.(zZ, x) and F,(z, x) with respect to x.
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Lemma 3.3 Assume (2.14) to hold in the stationary case.

(i) Suppose the zeros {j1j(x)}j=1,..r—1 of E;(Z, x) remain distinct for x € Q,
where Q,, € C is open and connected. Then {ij(x)};=1,... r—1 satisfy the system
of differential equations,

.....

IS e () + 3y ) IVar (i (), x)
Mj,x(x)__ ) j_la"'vr_lv
r()l_[k 1(M](x) pr(x))

with initial conditions

{ij(x0)}j=1,..r—1 € Kr1 (3.27)

for some fixed xo € . The initial value problem (3.26), (3.27) has a unique
solution satisfying

fij € C¥QKr)), j=1,...,r—1 (3.28)

(ii) Suppose the zeros {vj(x)}j=1,...r—1 of Fr(Z, x) remain distinct for x € Q,, where
Q, € C is open and connected. Then {v;(x)};=1,. . r—1 satisfy the system of
differential equations,

.....

b () = _[Sr(Vj(X)) + 3y(0j(X))z]m(X)Vn(vj(X),x)’ P=1 -1

Fro Hk ! (vj(x) — v (x))

with initial conditions
{0j(x0)}j=1...r—1 € Ky (3.30)

for some fixed xo € Q,. The initial value problem (3.29), (3.30) has a unique
solution satisfying

D; € C®(Q, Krmp), j=1,...,r—1. (3.3D)
Proof By using (3.7), (3.8), and (3.10), one computes

Epx (i (), %) = [, (X)) + 3y (/1 (x))*1Va1 (1 (x), %), (3.32)
Froxj(x), %) =[S, (v (X)) + 3y(D;(0))*1Va2 (v (x), )m(x)v;(x) ">, (3.33)
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On the other hand, derivatives of (3.11) and (3.12) with respect to x are

r—1

Erxlimpy) = —Eronj () [] () = o)), (3.34)
k=1
k#j
r—1
Froxlimo, ) = —Frovj () 20000 [ [0 () = wie(x)). (3.35)
k=1
k#j
Comparing (3.32)—(3.35) leads to (3.26) and (3.29). O

4 Stationary Algebro-geometric Solutions
In this section, we obtain explicit Riemann theta function representations for the mero-
morphic function ¢, the Baker—Akhiezer function v, and especially, for the solutions

u of the stationary DB hierarchy.

Lemma 4.1 Let x € C.

(i) Near Ps, € K,_1, in terms of the local coordinate ¢ = z~'/3, we have
1 o0
P.x) = — ()¢ as P — Pu, 4.1
PP.x) = v 2 K0 as P P @.1)
j=0
where
ko = uy(x), K1 =0, 4.2)
my 2
Kauer + 30,000 = ° (ios +4) k3 =0, *3)
...... - s
Kagxx +3 Z K2ik2¢—2i~2.x + Z Z K2iK2¢K2g—2i—20—4
i=0 i=0 (=0
m =
= Zx Koex + §K2ik2g—2i—2 —mdy¢ 4, 4.4)
1=
k41 =0, ¢=2, cel (4.5)

.. . . ~1
(ii) Near Py € Kr—1, in terms of the local coordinate { = 73, we have

P.x) = ()T as P — Py, 4.6
& x){ ;()L,(x)c as P — Py (4.6)

—(0 4
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where
2
1 (my /m)ig — 3ot
=-m3, =0, n=-—"""0 = =0, 53=0,
3¢5
my
— o, x — L0,xx
y=m22 2 =0, . (4.7)
34
s—1 s—1
o (Zizo Vilrc—2-2i + ng—4,x) — g—axx — 32 Lil2g—2-2ix
¢ = 3[(2) N
ey1 =0, ¢=3, ¢gelN. (4.8)

Proof The existence of these asymptotic expansions (4.1) and (4.6) in terms of local
coordinates ¢ = z7'/3 near Py, and ¢ = Z% near Py is clear from the explicit form of
¢ in (3.4). Insertion of the polynomials V;; (i, j = 1,2, 3) then, in principle, yields
the explicit expansion coefficients in (4.1) and (4.6). For example, ko = u,(x) and
k1 = 01in (4.2). However, this is a cambersome procedure, especially with regard to
the next to leading coefficients in (4.1). Much more efficient is the actual computation
of these coefficients utilizing the Riccati-type equation (3.18). Indeed, inserting the
ansatz

¢ o Zotj(x)g“j“ as P — Py (4.9)
]:

into (3.18) and comparing the same powers of ¢ then yields (4.7). Similarly, inserting
the ansatz

l — 4
P ot ]Z::O/cj(x);f as P — P (4.10)

into (3.18) and comparing the same powers of ¢ then yields (4.3) and (4.4). Finally,
(4.5) and (4.8) arise from the technical treatment in Sect. 2 (z = 32; see (2.19)). O

Remark 4.2 We have derived the explicit expressions for kg, k2c+1, ¢ € NginLemma
4.1. However, the coefficients k7, ¢ € N in the high-energy expansion of ¢ are still
implicit, since (4.3) and (4.4) involve the x-derivatives of k2., ¢ € N and hence yield
a series of second-order ODEs (or PDEs in the time-dependent case) with variable
coefficients. In the process of solving other integrable evolution equations such as
classical Thirring system [near the points Py +; see Gesztesy and Holden (2003b)],
CH hierarchy (near the points P4 ; see Gesztesy and Holden (2003a, b)), if we directly
insert an ansatz into a Riccati-type equation, an analogous problem will arise.

The DB hierarchy shares some similarities with the CH hierarchy at this point.
Since the concrete expressions k, j > 2, j € N are useless in the process of finding
the algebro-geometric solutions of DB hierarchy, we do not intend to write out their
explicit forms from (3.4).
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We assume K, to be nonsingular for the remainder of this section. We now introduce
the holomorphic differentials 7;(P) on KC,_1 defined by

n(P) = A.11)

1 7-1dz, 1 <1<8n,
3y(PY2+8:() | y(P)z! =814z, Sn+1<1< 12n,

and choose an appropriate fixed homology basis {a;, b j};;ll on [C,_1 in such a way
that the intersection matrix of cycles satisfies

ajoby =368k, ajoar=0, bjob,=0, jk=1,...,r—1
Define an invertible matrix £ € GL(r — 1, C) as
E=(E;)er-—nxer-1), Ejk =/ nj,
ag
e(k) = (e1(k), ..., er—1(k)), ej(k) = (E™Yjx, 4.12)

and the normalized holomorphic differentials

k

r—1
a)jZZej(l)m, /a)jzﬁj,k, /a)szj,k, Jok=1,...,r—1.
=1 ay b

4.13)

Next, choosing a convenient base point Qg € K,_1\{Pso, Po}, the vector of Riemann
constants E, is given by (A.45) (Gesztesy and Holden 2003b, and the Abel maps
Ap, () and g, () are defined by

Agy  Krt = T ) =C /L,y
P AQO(P) = (AQO,I(P): ey AQo,r—l(P))

P P
Z(/ w17'-'5/ wrl)(mOdLrl)a
Qo Qo
and

wg, i DIV(C, 1) = J(Kr1), D ag (D)= > D(P)Ag,(P),
Pek,

where L,_ ={ge(Cr_1|g=ﬂ+ 'M, N, M eZ ).
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For brevity, define the function z : I, _1 X o™ K1 — C 1 by?
E(P, Q) = EQO - AQO(P) +QQO(Dg)a

Pel1, Q=(Q1,..., Q) €0 'Ky (4.14)

here z(-, Q) is independent of the choice of base point Q¢. The Riemann theta function
0(z) associated with C,_1 and the homology is defined by

0(z) = Z exp (27(1' <n,z>+4mi <n,nl’ >), ge(Cr_l,

QEZ’71

where < B,C >=B - C' = Z;;ll B ;C; denotes the scalar product in C"~!.

The normalized differential a)go)o PO(P) of the third kind is the unique differential
holomorphic on /C,_1\{ P, Pp} with simple poles at Py, and Py with residues +1,
respectively, that is,

o) p (P ) =, ET 0L as P Pu,

a)g) £, (P) ;fo (—g’ 4+ 0@01))d¢, asP — P (4.15)

In particular,

3 .
/wﬁ,)PO(P)zo, j=1,....r—1.
a

J

Then
o) p(P) = Int +e¥(Qo) + 0(), asP — P
Qo @p_ Py £50 0 005

wﬁ?)p@) — —n¢ +e®(Q0) + 0(), asP— Py,  (4.16)
Qo 0 ¢=>0

where ¢ (Qp) is an integration constant.
The theta function representation of ¢ (P, x) then reads as follows.

Theorem 4.3 Assume that the curve K,_i is nonsingular. Let P = (Z,y) €
Kr—1\{Poc, Po} and x € Q, where Q,  C is open and connected. Suppose that
Dji(x)» or equivalently Dy, is nonspecial® for x € Q. Then

2 crr_lK:r,1= Kpog X oo x Kpy .
—_———
r—1

3 For the definition of a nonspecial divisor, see Farkas and Kra (1992).
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L BGPD@NAG(RL AW (o P
P = G BB (P, A 7 (e (QO)_/QO “’onPO)'

(4.17)

Proof Let @ be defined by the right-hand side of (4.17) with the aim to prove that
¢ = ®. From (4.16) it follows that

P
exp (6(3)(Q0) —/ wﬁf;po) S, oM, P Py,

Qo (4.18)

P
exp (e(3)(Q0) _/Q wgolp()) o 4+ 0%, asP— P
0

Using (3.15) we immediately know that ¢ has simple poles at (i (x) and Ps, and simple
zeros at Py and D(x). By (4.17) and a special case of Riemann’s vanishing theorem
(Farkas and Kra 1992; Gesztesy and Holden 2003b; Gesztesy et al. 2008), we see that
® shares the same properties. Hence, using the Riemann—Roch theorem (Farkas and
Kra 1992; Gesztesy and Holden 2003b; Gesztesy et al. 2008) yields the holomorphic
function ®/¢ = y, where y is a constant with respect to P. Finally, considering the
asymptotic expansion of ® and ¢ near Py, we obtain

® _ -m'AU+0@)NE+06D
b =0 —n3 + 0(22) o 1+0(), asP — Py, (4.19)

from which we conclude that y = 1, where we used (4.18) and (4.6). Hence, we prove
4.17). O

Furthermore, let a)go)’3(P) denote the normalized differential of the second kind
which is holomorphic on /C_1\{ Py} with a pole of order 3 at Py,

~—1 4~ r—1
?2) z7'dz -3
w P) = S rini(P) = + O(1))d¢, as P — Py,
PP = s ; miP) = ¢ (1)dg 0
where the constants {A;};—;,.. ,—1 € Care determined by the normalization condition

2 .
/ W J(P)=0, j=1...r—1
”

J

and the differentials {n;(P)};=1,...,—1 (defined in (4.11)) form a basis for the space

of holomorphic differentials. Moreover, we define the vector of b-periods of a)go) 3

~2) o~ A2 A2 1 2 .
Uy =O3),....09_). U3(’]).=% i Wi s j=1r— 1 (420)
J
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Then
QO PO 3 2 3 0 ’ 0

P
/ WP =, €7 (Q0) + Qe + 0, as P — P,

Qo

where egz) (Qo), fs(z)(Qo) are integration constants.
Similarly, the theta function representation of the Baker—Akhiezer function
Y2 (P, x, x0) is summarized in the following theorem.

Theorem 4.4 Assume that the curve KC,_1 is nonsingular. Let P = (Z,y) €
Kr—1\{Poo, Po} and let x,xo € Q,, where Q, C C is open and connected. Sup-
pose that Dy, or equivalently Dy, is nonspecial for x € Q. Then

O (P, (x))0(Z(Po, iL(x0)))
0 (Z(Po, 1(x))OE(P, [1(x0)))

oo [T e o
x exp(/ 2m3 (x')dx (/Q 0D, — e (Qo))). 4.21)
X 0

0

Y2 (P, x, x0) =

Proof Assume temporarily that
1j(x) # ue(x) for j #kandx € Q, C Q, (4.22)

where Q w 1s open and connected. For the Baker—Akhiezer function vy, we will use the
same strategy as was used in the previous proof. Let W denote the right-hand side of
(4.21). We intend to prove yr, = W with ¢, given by (3.3). For that purpose we first
investigate the local zeros and poles of v». Since they can come only from simple poles
in the integrand in (3.3). By using the definition (3.4) of ¢, (3.10), and the Dubrovin
equations (3.26), one computes

Mj.x

— I

P(P,x) = TH +0(), asz— pj(x). (4.23)
More concisely,

(P, x) = Mj(x)%ln(f —uj(0))+0(1) for Pnear i;(x),  (4.24)

which together with (3.3) yields

Ya(P, x, xo)
- i) (Z—mj(x)O0() for P near i;(x) # [1;(x0),
= #0(1) = 10(1) for P near f1;(x) = f1;(x0), (4.25)
z— pj(xo)

(Z—pj(x0)~'O(1) for P near 1 (xo) # f1;(x),
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where O(1) # 0 in (4.25). Consequently, all zeros and poles of y» and W on
Kr—1\{ P, Po} are simple and coincident. It remains to identify the behavior of
and W near Py, and Py. Taking into account (4.1), (4.6), and (4.21), one observes that
Yo and W have identical exponential behavior near Po, and Py. The uniqueness result
for Baker—Akhiezer functions (Gesztesy and Ratneseelan 1998; Gesztesy and Holden
2003b; Gesztesy et al. 2008; Bulla et al. 1998) then completes the proof ¥, = W as
both functions share the same singularities and zeros. The extension of this result from
xeQ u tox € 2, then simply follows from the continuity of @, and the hypothesis
of Dj;(x) being nonspecial for x € €2,. O

The asymptotic behavior of y(P) and S, near P, is summarized as follows.

Lemma 4.5

yP) = o P 1+ o + a1t + 0(6%), as P — P,  (4.26)

S, o T By + 0(2%), as P — P, (4.27)

where o is a constant, arising from finding the root of of algebraic equation (2.29)
corresponding to the point Py, € Ky_1.

Proof From (3.1) and (3.2), we arrive at

¢ +7¢?
(LOx T 207

y(P)=-V, + VZ + V3. (4.28)

Then, in terms of the local coordinate { = Zz~1/3, insertion of (2.11) and (4.1) into
(4.28) yields

y(P) = ,},Z VG20 (83 g 0 = (D))
Jj=0 j=0

£=0

n n oo
+ Z Vz(f) (Gz)é.flz(n+17€)f3 + Z V2(§)(Gl)§712(n+17£) szé.jfl

=0 =0 j=0
o ot 1+ apg? et + 0(2%), as P — P (4.29)
N
Similarly, combining (2.20) and (4.1) leads to (4.27). O

A straightforward Laurent expansion of (4.11), (4.12), and (4.13) near Py, yields
the following results.

Lemma 4.6 Assume the curve IC,_ to be nonsingular. Then the vector of normalized
holomorphic differentials w have the Laurent series

w= 1,0 1) = (p)+p,¢ + O (430)
—0
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near Pso with
1 1
BO = _Eg(r - 1)7 Bl = _?g(gn)’

where o is given in Lemma 4.5.

Proof Interms of the local coordinate ¢ = 77173 near Po, using (4.11), (4.13), (4.26),
and (4.27), we have

r—1 ¢3-14 yg—3l+24n=1 4,
w,:l;eju)m 3Ze,(1)3 AT, —31%‘1]@(1) TS

1 1
o (_Eej(r — - geiGmi+ 0(8)) de, (4.31)

which yields (4.30). O

Theorem 4.7 Assume that the curve IC,_ is nonsingular and let x, xq € C. Then

©Aro(u(x")
xo Ero0m(x’))
©Aro(u(x")

0, Dige) = g, Digup) + ¢ = 1) [ i OGRS

0, Ppc) = 2o, D) + e — 1) d', (432

In particular, the Abel map does not linearize the divisor Dy .y and Dj.y.

Proof We prove only (4.32) as (4.33) can be obtained from (4.32) and Abel’s theorem.
Assume temporarily that

jj(x) # pj(x) forj# j andx € Q, CC, (4.34)

where Q « 1s open and connected. Then using (3.26), (4.11), and (4.13), one computes

_(V(IO) 4n— 2+V(11) u n—d )Mljc 1

aQO D)) = Zez(k) Z

j=1 r,Oszl(/'Lj _/'L[J)
P#]
8n—1 8n—3 k—8n—1
A -)
+ Z é‘l(k)z( oty Ay ) .
k=8n+1 j=1 Ero Hp:l('uj — Kp)
P#]

Using the standard Largange interpolation argument then yields

d _Aro(u(x))
a‘xQo,l(D@(x)) = mel(” -1, (4.35)
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which implies (4.32). The equality (4.33) follows from the linear equivalence
Dp_, fi(x) ~ Dpyi(x)» and (4.32). The extension of all these results from x € €,

to x € C then simply follows from the continuity of &,  and the hypothesis of DM(X)
being nonspecial on €2, O

Next, we provide an explicit representation for the stationary DB solutions # in
terms of the Riemann theta function associated with /C,_j, assuming the affine part
of IC,_1 to be nonsingular.

Theorem 4.8 Assume that u satisfies the n-th stationary DB equation (2.14), that is,
X, (u) = 0, and the curve K,_1 is nonsingular. Let x € Q,, where 2, C C is open
and connected. Suppose that Dy ), or equivalently Dj ), is nonspecial for x € 2.
Then B

0(Z(Po, 1 0(Z(Poo, [
u(x) = u(xo) (%( ° EA(xO))) (gf %(X))). (4.36)
6 (P, 30))6C(Po, (X))

1/3

Proof Using Theorem 4.4, one can write y; near Py, in the coordinate ¢ = z7'/~, as

Va(Pxx0) = (00 +01(0E + 0208 + ()

X exp ((/x 2m§(x/)dx/) (f3(2)(Q0)§2 + 0((4))), asP — Ps, (437)

0

where the terms o((x), o1(x) and o2(x) in (4.37) come from the Taylor expansion
about Py, of the ratios of the theta functions in (4.21). That is,

0 (2(P, p(x)) o 9.0 50260 — 9,60
<~—A) = gt 0@, as P - P,
0 (2P0, ) 00 G !

(4.38)

where

b0 = B0(x) = 6 E(Poc, 1)) = 0 (Eg, — Ag, (Poc) + 2, (D)),

01 = 01(1) = 0 G(Po, 1)) =0 (Eg, — Ag,(P) + g, (Djy)).

and 8U<z> = Z U3(2]) aa denotes the directional derivative in the direction of the
Uy

vector of b-periods U g ), defined by

Poo,3

1
@ @) @) @) @
U (Uﬂ,...,U&P]), U3’j:2m/bja) =1, r—1, (439

@ Springer



J Nonlinear Sci

with a)g; , holomorphic on /C, 1 \{ P} with a pole of order 3 at P,

2

) (P) = 2+ 00)ds, as P — Pu. (4.40)
00,3 =0

Similarly, we have

6 (Z(Po, [L(x0))
(— 0, (X0 ) _ 0ix0) (1+8x In 6y (x) §+0(§2)),asP =Py
0 (2P, fxon) €0 Bl0) =0

(4.41)
Then, combining (4.21), (4.37), (4.38), and (4.41) leads to
01 (xo) Op(x)
oot = 6o(x0) O1(x)’
01 (x0) Bo(x) (4.42)
o1(x) = ——=

= o) 01 ) (Bx 1n90(x)‘x:x0 — OxIn 90(x)),

If we set

V2 = @0() +o1(n)¢ + 02(X)¢* + 0@Y) exp(A), as P — Poy  (4.43)

with

exp (A) = exp (( / 2m%<x/)dx/) (A0 + 0(;“)))
X0

* o
= (1 + (f3(2)(Qo) / 2ms<x’>dx’) ¢+ 0(;4)),
X0
then we compute its x-derivatives as (P — Pxo)

Vo =, (o0x +oret +0@)) exp )+ (277 Qom) 2 + 0¢h) v

=, 00 +o1x¢ + 0P,

—
1ﬂZ,x}c {jO 00,xx +01,xx¢ + 0(§2)»

1»”2,)rx)c = 00xxx T 01,xxx¢ + 0(42) (4.44)
¢—0

By eliminating 1 and 13 in (2.3), we arrive at

w2,xxx = —m572!/f2 + %1//2,):,\7- (445)
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Substituting (4.44) into (4.45) and comparing the coefficients of {0, we obtain

(00,xx)x _ My (xx (X)) x
00,xx om Uyy(X)

)

which together with the first line of (4.42) leads to (4.36). O

Remark 4.9 We note the unusual fact that Py, as opposed to P, is the essential
singularity of v». What makes matters worse is the intricate x-dependence of the
leading-order exponential term in 2, near Py, as displayed in (4.21). This is in sharp
contrast to standard Baker—Akhiezer functions that typically feature a linear behavior
with respect to x in connection with their essential singularities. Therefore, in Theorem
4.7, the Abel map does not provide the proper change of variables to linearize the
divisor Dj;(y) in the DB context, which is in sharp contrast to standard integrable

soliton equations such as the Boussinesq hierarchy.

Remark 4.10 The fact that v in (3.1) differs from standard Baker—Akhiezer functions.
Hence, one can not expect the usual theta function representation of v/, j = 1,2, 3,
in terms of ratios of theta functions times an exponential term containing a mero-
morphic differential with a pole at the essential singularity of v; multiplied by
(x — xp). However, inserting (4.17) and (4.21) into ¢3 = Yo = 771y, and
U1 = —m~ 1223, = —m~'Z(¢py),, respectively, we obtain the theta function
representations of i1 and 3.

5 The Time-Dependent DB Formalism

In this section, we extend the algebro-geometric analysis of Sect. 3 to the time-
dependent DB hierarchy. We employ the notation G, V, V;;, etc., in order to dis-
tinguish them from G;, V, V;;, etc. In addition, we indicate that the individual pth
DB flow by a separate time variable ¢, € C. In analogy to (3.1), we introduce the
time-dependent vector Baker—Akhiezer function ¥ = (Y1, ¥, ¥3)" by

Y (P, x, X0, 1p, 10,p) = Uu(x, ), Z(P))Y (P, x, X0, tp, 10,p)>

Vi, (P, X, X0, 1p. 0.p) = V(u(x. 1), Z(PNY (P, X, X0, 1p. 10,p).

ZV(u(x, tp), Z(P)Y (P, x, X0, tp, to,p) = Y(P)Y (P, x, X0, tp, 10, p)>

Y2 (P, x0, X0, t0,p- 10,p) =1, x,1, € C, 5.1

where V = (\7,'j)3x3, and

14
Vij = > VG =13, 1=0,....p (5.2)
=0

with \71.5.1)(61) determined by G, which is defined in (2.6) by substituting G, for G;.
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The compatibility conditions of the first three expressions in (5.1) yield that

U, = Vi@ +[UE), VE] =0,
V@ +[U@E),VE]=0, (5.3)
Vi, @+ V@, V@] =0.

A direct calculation shows that yI — ZV(Z) satisfies the last two equations in (5.3).
Then the characteristic polynomial of Lax matrix zV (z) for the DB hierarchy is an
independent constant of variables x and ¢, with the expansion

det(yl —zV) = y> +y5.2) — T, (), (5.4)

where S, (Z) and T, (Z) are defined as in (2.20) and (2.18). Then the time-dependent
DB curve K,_; is defined by

Krot: FrZy) =y + 98,3 = T,(3) = 0. (5.5)

In analogy to (3.2), we can define the following meromorphic function ¢ (P, x, t,) on
KC,—1, the fundamental ingredient for the construction of algebro-geometric solutions
of the time-dependent DB hierarchy,

aXWZ(Ps X, X0, tp9 tO,p)

, PeK,_;, xeC. (5.6)
¢2(P’ )C, X(), tpv to,p)

(P, x,1,) =7

Using (5.1), a direct calculation shows that

Y31z, x,tp) + Cr (2, x, tp)
yWVa1(Z, x,tp) + A (2, x, 1))
_: Fr(Z,x,tp)

y2V31(Z, x,1p) — yCr(Z, x, 1p) + Dy (Z, x, 1))
2y2V21(Z, x,tp) — YA (Z, x,tp) + Br(Z, x, tp)
E.(Z,x,1p)

$(P,x,1,) =12

, (5.7

where P = (Z,y) € K,—1, (x,1p) € C2,and A, (Z, x, 1p), Br(Z,x,tp), Cr(Z,x,1p),
D (Z,x,tp), E-(Z,x,1p), and F,(Z, x, t) are defined as in (3.5) and (3.6). Hence the
interrelationships among them, (3.7)—(3.10), also hold in the time-dependent case.

Similarly, we denote by {u; (x, 1p)}j=1,....,—1and {v;(x, 1y)}=1,.. r—1 the zeros of
E.(z,x,t,) and ZZF, (2, x, tp), respectively. Thus, we may write

.....

r—1
ErGox,1p) = Epo(x. 1) [ JG = mjtx. 1), (5.8)
j=1
r—1
Fr(Gox,1p) =2 2 Frox, 1) [ JG = vitx, 1), (5.9)
j=1
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Defining

e 1) = (151 (R e 1)) = (uj(x,rp), —%) €Ki,
j=1...,r=1, (x,1p) € C (5.10)
Di(x.1p) = (l)j(x,tp),y(f)j(x,tp))) - (vj(x,tp), —M) c K1,
V31(vj, x, tp)
j=1...,r=1, (x,1,) € C% (5.11)
One infers from (5.7) that the divisor (¢ (P, x, 1)) of (P, x, tp) is given by

(@(P.x.1p)) = Dpy i(x,1,)(P) = Dpyg pi(x,1,) (P)s (5.12)
where
ﬁ(x7 tp) = {Gl (xs tp)s IR ] l/Jr'—l(xs tp)}v E(-xa lp) = {/:Ll(-xa lp)s ceey /:Lr—l(xv tp)}

Further properties of ¢ (P, x, t,) are summarized as follows.

Theorem 5.1 Assume (5.1),(5.6), P = (Z,y) € K;_1\{Poo, Po}, and let (Z, x, 1)) €
C3. Then

Gex (P x, 1) + 327 (P, x, 1)) (P, x, 1)) + 2723 (P, x, 1)) + m(x, 1,)7 7!

_mx(x,tp) ~_lmx(x tp) .
s Ge (P, x,1,) — . P2y (P,x, 1) = 0, (5.13)
é (P, x, 1) =70 (M(—w (P, x, 1) — ¢p>(P, X, 1,))
ATt * m(x,tp) e P
a3, 1) + Vs, )2 B(P,x, 1), (5.14)
* *ok __~3F (Z X, tl’)
D (P, x,1,)p(P*, x,1,)p(P**, x,1,) A NERAt (5.15)
* ok _ E. (2, x, tp)
G(P,x, 1))+ d(P*, x, 1)) + d(P*, x,1,) = —E,(z,x,t,,) (5.16)
1 N 1 N 1 _ 3VsEx. 1)
(P, x.1p)  ¢(P* x.1,) (P, x,1) IV, x.1p)
ZV31(2, xvf[))Fr,X(Zﬂ x: tp) ’ (5.17)
m(x, 1) V3 (Z, x, 1,) Fr (2, X, 1)
V(P)$(P, x,1,) + y(P*)p(P*, x,1,) + y(P™)p(P™, x,1,) =
3T @D V212, x,tp) +25(D A (T, x, tp) (5.18)

E.(Z,x,1p)

Proof Equation (5.13) follows from (5.1) and (5.7). Relation (5.14) is clear from (5.1)
and (5.6). Moreover, (5.15)—(5.18) can be derived as in Theorem 3.2. O
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Next, we consider the ¢,-dependence of E; and F;.

Lemma 5.2 Assume (5.1) and (5.3) and let (Z, x, tp) € C3. Then

- - = Vai -
Er,tp(z’x’ tp) = Er,x(zv X, tp)(VZS - WV23) + E-(Z, x, tp)3(
1

~ Vi
Vo — —sz),
Vai

(5.19)
- - 20 - Vo -
Fr,tp(zvxv tp) = Frx(Z, x, tp)_( - Vi + _VBZ) +3F(2, x, tp)
m V3o

X (sz + Vo3 0 — —V32)-
V3o

(5.20)
Proof Differentiating (5.16) with respect to ¢,, one infers that
LErx(Z,x,1p)
0y, ($(P.x. 1 P* x.1 P, x1p) = iy, (B
1, (@ (P, x,1p) +Q(P™, x,1p) + ¢( X, 1p)) = 0, ZEr(z,x,tp)
=20;,0x(INEx(Z, x, 1p)) = 20x0;,(InE; (2, x, 1p)). (5.21)

Without loss of generality, taking the integration constants as zero and using (5.14)
and (5.16), one finds

8tp (lnEi‘(Zv X, tp))
V.
—%zwﬁx(f’,x, tp) + Gx(P*. x. 1)) + be (P* . X, 1))
V-
- %(&(P,x, 1)) + ¢X(P*, x.1,) + ¢ (P, x.1,))

+ 27 Vas(p (P, x, 1)) + ¢(P*, x, 1)) + ¢ (P™, x,1,)) + 3V

-1 V; ~ %
=271 (Va3 = 2 Vi ) G (P) + $(P*) + ¢ (P™) + 3V = 32 v
Va1 Va1

~ Va1 E), ~ Va1
X(V23 - V—21V23)( bfx) + 3V — 3V_21V22’

r

(5.22)

which implies (5.19). Then taking into account (5.3), (5.13), (5.15), and (5.17), one
obtains

9 (_Z3M) = _23ﬂ — 2{/: (Fr,x — Er,x) _ Z2‘721,)( Er,x
v Er(z, X, tp) Er m 31 Fr Er m Er

E; ~ ~ Vis  22V3iFny =
+3—Vo + — V33— +(V21+V22, )(—3—+—’)+3V23, ,
Va1 Va1 E, * Vo mV3F, .

(5.23)
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which implies that

Fri, FEv, Fr 2. 2V ~ ~
- = (- + Vo1 + V.0
E, B2 E, ( 31 ngz( 21+ Vaox)
E, F, <22~ ZZVZ]X VZ]
lAE S ol VAR B AL ANTIRELY 7/ )
+ Er2 31 = + Var 23
Fr Vo~ ~ 3V33 ~ ~
+ - (3v2 Vo + 3V = T2 (ot + V). (524)
E.\ Vy V32
Then combining (5.19) and (5.24) readily leads to (5.20). O

The properties of ¥ (P, x, xo, tp, to, p) are summarized as follows.

Theorem 5.3 Assume (5.1), (5.6), and P = (Z,y) € Ki—1\{Pwo, Po}, and let
(Z,x,x0,tp, t0,p) € C3. Then

I/IZ,IP(P’ X, X0, tp’ to,p)
VoG ox. 1), . 2 ~

= (Ch ) G P ty) = Pox ) + TaEonity)
+ V(X 1)F B (P X, 1) )Y2(Py X, X0, 1, 10,p), (5.25)

1/f2(P, xa xO’tpvto,p)

X tp =—1 P _V ’;x ’t/

= exp (2_1/ ¢(P,x’,tp)dx’+/ [Z y(P) — 22(2/ 0. 1)
%0 0. Vo1(Z, x0, )

Va1 (Z, xo, 1)

V21(Z, x0, 1)

x Va1 (Z, x0, ') + (‘723(2,)60, ') — V23(2, xo, t’))

x 2719 (P, x0,1") + Va2 Z, x0, t’)}dﬂ), (5.26)

Proof Relation (5.25) follows from (5.1) and (5.6). Equation (5.26) is clear from (5.14)
and (5.25). O

In analogy to Lemma 3.3, the dynamics of u;(x, f,) and v;(x, t,) with respect to
variations of x and ¢, are described in terms of the following Dubrovin-type equations.

Lemma 5.4 Assume (5.1)—(5.7).

(i) Suppose the zeros {jj(x,tp)}j=1,..r—1 of E,-(Z,x,t,) remain distinct for
(x,1p) € Qy, where 2, C C2is open and connected. Then {j;(x, tp)}j=1,..r—1
satisfy the system of differential equations,

LS G (xs 1p) + 3y (i (x, tp)21Var (i (x, 1), x, 1))
Ero 102} () (x, 1) — pic(x, 1))
kst j

Mj,x(xatp)z s

J=1,. =1, (5.27)
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[, (X, 1p) = —[Var (i (x, tp). X, 1) Va3 (1 (x, 1p). X, 1p) — Var (14 (x, 1), X, 1)
[Sr (ij (e, tp)) 4+ 3y (2 (x, 1))?]
Ero [T520 () (x, 1) — pe(x, 1))
k#j
j=1,...,r—1, (5.28)

X V23(/’Lj(xa tp)y X, 1p)]

with initial conditions
{lj(xo, t0,p)}j=1,..r—1 € Kr1 (5.29)

for some fixed (xg, to,p) € . The initial value problem (5.28), (5.29) has a
unique solution satisfying

LjeC®Qu,K—), j=1,....,r—1 (5.30)

r—10f F(Z, x, tp) remain distinct for (x, tp) €
r—1 satisfy the

(ii) Supposethe zeros{v;(x,tp)}j=1,..,
Q,, where Q, C C2 is open and connected. Then {vj(x,tp)}j=1
system of differential equations,

.....

LS 1)) 4 3y (0 (x, 1)) Im(x, 1) Vi (v (3, 1), X, 1)

vix(x,tp) = — )
Fro TTHz) (v (e 1) = vie(x, 1))
k#j
j=1...,r—1, (5.31)
Uj’[p(_x, t]?) = _[V31 (Uj(-x7 tp)v X, tp)v32(vj(x, tp)s X, t])) - V32(Vj(x7 t]?)? X, tp)

[Sr (v (x, 1)) + 3y(D; (x, 1)) v (x, 1,)?
Fro [T v (x, 1) — v (x, 1))
k#j

=1, =1, (5.32)

x V310 (x, 1), X, )]

with initial conditions
{j(x0, 0, p)} j=1,...r—1 € K1 (5.33)

for some fixed (xo, to,p) € 2. The initial value problem (5.32), (5.33) has a
unique solution satisfying

D€ C®Qu, K1), j=1,...,r—1. (5.34)

Proof For obvious reasons it suffices to focus on (5.27) and (5.28). But the proof of
(5.27) is identical to that in Lemma 3.3. We now prove (5.28). From (5.8), we have

~ r—1
Er,Gox 1) ey vty = —Erottjia, (%, 1p) H,g;l (s (. 1) — (X, 1)),
J

(5.35)
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On the other hand, using (5.19) and (5.27), one computes

- = Vai
Er,lp z, x, tp)|2:uj(x,tp) = Er,x(ﬂj (x, tp)v X, tp)(V23 - V_21V23)

=[Sy (i (x, 1)) + 39(f1; (x, 1) 1(Va1 Va3 — Vo Va3),
(5.36)

which together with (5.35) yields (5.28). m]

6 Time-Dependent Algebro-geometric Solutions

In our final section, we extend the results of Sect. 4 from the stationary DB hierarchy
to the time-dependent case. We obtain Riemann theta function representations for
the Baker—Akhiezer function v, the meromorphic function ¢, and especially, for the
algebro-geometric solutions u of the whole DB hierarchy.

We start with the theta function representation of the meromorphic function
Q(P,x,1p).

Theorem 6.1 Assume that the curve K,_y is nonsingular. Let P = (Z,y) €
Kr—1\{Poo, Po} and let (x,1p), (xo, t0,p) € Qu, where Q, < C?%is open and con-
nected. Suppose that D,;(x’,p), or equivalently Dﬁ(xvlp)’ is nonspecial for (x, tp) € Q.
Then B

e OGE(P, D(x, ) NOE(Po, fi(x, 1))
PPOG(Py, D(x, tp))OGE(P, A(x, 1))

X exp (6(3)(Q0) —/ ol PO) 6.1)
Qo

Since the proof of Theorem 6.1 is identical to the corresponding stationary results in
Theorem 4.3, we omit the corresponding details.

Motivated by (5.25), we define the meromorphic function I, (P, x, t,,) on IC, _1 X C?
by

Q(P,x,tp) =

V. o
(P, x,1,) = %(—zm — %)+ Vop + Vi g (6.2)

The asymptotic properties of I;(P, s, t,) are summarized as follows.
Theorem 6.2 Lets = 12p — 2, p € Ny, (x,1,,) € C% Then*

s

~ o sh2j-2 ~—1/3
I;(P,x, tp) {30205,»; 224 0(1), ¢ =33, asP— P,  (6.3)
]:

4 Here sums with upper limits strictly less than their lower limits are interpreted as zero.
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[2(P, %, 10) = —u(x, fo)ux(x, 10)¢? £50 0%, ¢=713 asP— Py,
Ia(P,x,10) = u t)m' P, 10)c 2+ 0%, ¢ =27 asP — Py,
—

(6.4)

where {aj}i—y s € C.

Proof Treating ¢, as a parameter, we note that the asymptotic expansions of ¢ (P) near
P and near Py in (4.1) and (4.6) still apply in the present time-dependent context. In
terms of local coordinate { = 77173 near P, recall the definitions of Vay, V2o, Va3

in (5.2), we may write

(154, j+1-2044)
¢

VZI Z V21 ’

]
Voo = E 22 )é- azp ])’

—(12p—6))

(154, j+1-204h)

V23 Z 23 ’

é-—(12p—6j)’

where

Vz(iglsﬂz):‘/z(:fl,ﬂl):o for Bi=p+1, Bi.preN,
VIR —0 for Bi=p+1 or fr=1, Bi,preN

and the function [ - ] returns the value of a number rounded downward to the nearest
integer. Moreover, from (4.1), we find

2 (P, x,1p) — $*(P, x, 1))

o0 o0
— #2] 2] o2+
=y 2 58 = 3 (928 2t ). s P P,
j==2 j==2
with
V4= —Kox = —lUyx, V3= 0,
2j+2
Uoj = —K2jt4.x — Z Kik2j2—is U2j+1 =0, j=-—L
i=0
Therefore, in terms of local coordinate ¢ = 7=1/3 near P+, we obtain
6p—1
L(P.x,1y) = D x;¢ 2P 4 6y + Z xj¢ 122 (6.5)
j=1 Jj=6p+1
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where

j=3 j—k+3 k43 o j—k+3
xj=m=" >, l92kV21[J )
k=—2

2j-2 2j—l44q 2j—l+4 o 2j—l+4
([t g

12 6 12

+Z"€ 23 for 3<j<6p, jeNp,
=0

J=k+37 j=k43 o j—k+3 2j-2 2j—l4dq 2j—l+4 0 2j—l+4
1, L=k ik ]) ([Prst 2t ot )

Jj—3
xj=m"'>" ﬁszz(l ’ T D kv
k=—2 =0
for j=1,2, and j>6p+1, jeN.

Then inserting (6.5) into (5.14) and comparing the coefficients of the same powers of
¢t (£ < 0) yields

xjx=0 forl <j<6p, jeNp.
Hence, we conclude that
x1=vitp), x2=y2(tp), ... Xxop = Vop(lp),

where y;(t,) (j = 1,2, ...) are integration constants. Next we note that the coeffi-
cients k; (j = 0,1, ...) of the power series for ¢ (P, x, t,) in the coordinate ¢ near
P, are the ratios of two functions~closely related to u. Meanwhile, the coefficients
of the homogeneous polynomials V;; (i, j = 1, 2, 3) are differential polynomials in
u. From these considerations it follows that y; = &; € C. Hence, we obtain (6.3).

Finally, (6.4) follows from (4.1), (4.6), and (6.2). O

Let a)g.i)c I J € No, be the Abel differentials of the second kind normalized by the
vanishing of all their a-periods,

/wf;)jzo, k=1,...,r—1
ak

and holomorphic on /C,_\{Pso}, With a pole of order j at P,

wg;,j(P) o (¢ +00)de, as P — P (6.6)

Furthermore, define the normalized differential of the second kind by

s

2
~0 _ .
QS%)MH - Z(S —2j+ 2)“1‘”;;,5—2#3 6.7
j=1
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and
QR L =20y . (6.8)

where s = 12p — 2, p € Ny. Thus, one infers

/Ezgf;ﬁlzo, /?2330{3=0, k=1,...,r—1.
ay Aak

In addition, we define the vector of b-periods of the differential of the second kind

o?
QPOQ,S—H’
7O _ 5@ ~(2) o _ 1 =2 o
QS‘H_(Us+1,1""’Us+l,r71)’ US+LJ-—%/Z7 QPoo,S+1’ j—l,...,r—l
J
(6.9)
withs = 12p — 2, p € Np. Integrating (6.7) and (6.8) yields
P~(2) : ¢ 2
/ Qp i1 ;jo - Z(S -2j+ Z)Otj/ Op s-2j+3
Qo j=1 %o
o [
= =262+ 2 | de+ 00)
—0 = % CS 2743
: 1
£50 Zlajm +0(l), asP — Py, (6.10)
j:
and
P )
/ QY = 72 4+87(00) + 0(0), asP — Py, ©6.11)
g =0

where égz) (Qo) is a constant that arises from evaluating the integral at its lowers limits
Qo. Combining (6.3), (6.4), (6.10), and (6.11) yields

Ip P
/ I,(P, x, T)dt = ) —to,,,)/Q QP 1 +0@). asP > Py, (6.12)
0

10,p
and
o0 _ (" 1 e P s
I >(P,x,T)dt = u(x, )m3(x,7) | &3 (Qo) — QPO 3 ) )dr
10,0 ¢=0 J190 Qo '

+0(), as P — Py. (6.13)
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Given these preparations, the theta function representation of ¥, (P, x, xo, Zp, to, p)
reads as follows.

Theorem 6.3 Assume that the curve K,_i is nonsingular. Let P = (Z,y) €
Kr—1\{Poo, Po} and let (x,tp), (x0, t0,p) € Qu, where Q, < CZ%is open and con-
nected. Suppose that D,;(x’,p), or equivalently Dﬁ(xvlp)’ is nonspecial for (x, tp) € Q.
Then for p =0 B
V2 (P, x, xo, 10, 10,0)
0 (2(P. tx.10)) OE(Po, 20, 10,0))
0(Z(Po, (x, 10)))0(Z(P, L(x0, 10.0)))

x P
X exp (/ 2m' 3 (x', 19)dx’ (/ Wl — eg2><Qo)))
X0 Qo
0 2 P
X exp / u(xo, Tym'3 (xo, 7) (ag )(00) —/ 95,0)3) dr ), (6.14)
10,0 Qo '

and for p > 0

0 (2P, 2, 1,)) 6 G(Po, 430, 10,5)))
6 (Po, fi(x, )OI E(P, fi(xo, 10,)))

X P
xexp(/ 2m (e 1,)dx’ (/Q wﬁf&s—eéz)(Qo)))
X0 0

P
X exp ((tp - to,p)/Q Qf;,m). (6.15)
0

I/IZ(Pa X, X0, t[)a to,[)) =

The straightening out of the DB flows by the Abel map is contained in our next result.

Theorem 6.4 Assume that the curve K,y is nonsingular, and let (x, t), (xo, to,p) €
C2. Then for p > 0,

X

1 ~(2) ~(2)
%00 Piax.1) =200 (Paxo.i0,)) — (/ 2m3 (¥, t,,)dx/) Uy U 1(tp —10,p)s
X

0

(6.16)
Yool ATORETE)
%0, (,Dﬁ(x,tp)) =%, (,Dﬁ(xo,tovp))_ (/ 2m3(x’, tp)dx ) 23 _QH_] (tp - tO,p)y
X0
(6.17)
and for p =0,
oo, N\ @
QQO (Dﬁ(x,lo)) = QQO (DE(XOJO,O)) - 2m3 (X s to)dx Q?,
X0
o 1 ~(2)
+ 2u(xp, T)m3 (xo, T)dT U5, (6.18)
10,0
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X

1 ~(2)
QQO (Dﬁ(x,lo)) = QQO (DQ(XOJO,O)) - (/ 2m 3 (x/v t())dx/) Q}
X

0

fo 1 ~(2)
+ / 2u(xg, T)m3 (xo, T)dt | U5~ (6.19)
1

0,0

Proof The proof is analogous to the Boussinesq case in Dickson et al. (1999b). O

Our main result, the theta function representation of time-dependent algebro-geometric
solutions for the DB hierarchy, now quickly follows from the materials prepared above.

Theorem 6.5 Assume that u satisfies the p-th DB equation (2.14), that is, DB, (u) =
my, — X, = 0, and the curve K,y is nonsingular. Let (x, tp) € 2, where 2, C CZ%is
open and connected. Suppose also that D, 1) OF equivalently Dy, 1) IS nonspecial
Jor (x,tp) € Q. Then

o BEPb [L50.10,))0 (oo, v 17)))
P70 E(Poos ft(x0, 10,0 C(Po. Ax. 1))

u(x, tp) = u(xo, (6.20)

Proof The proof is analogous to the stationary case in Theorem 4.8. O
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