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Abstract

This paper is devoted to an integrable two-component Camassa—Holm system with cubic nonlinearity,
which includes the cubic Camassa—Holm equation (also called the Fokas—Olver—Rosenau—Qiao equation)
as a special case. The one peaked solitons (peakons) and two peakon solutions are described in an explicit
formula. Then, the local well-posedness for the Cauchy problem of the system is studied. Moreover, we
target at the precise blow-up scenario for strong solutions to the system, and establish a new blow-up result
with respect to the initial data.
© 2015 Elsevier Inc. All rights reserved.
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1. Introduction

The well-known Camassa—Holm (CH) equation [3]
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my +umy +2u,m=0, m=u—uyy,

has been studied extensively in the past two decades. It models the unidirectional propagation
of shallow water waves over a flat bottom, and u(¢, x) stands for the fluid velocity at time ¢ in
the spatial x direction [3,15,25]. The CH equation is also a model for the propagation of axially
symmetric waves in hyperelastic rods [13]. It has a bi-Hamiltonian structure and is completely
integrable [3,17]. Its solitary waves vanishing at both infinities are peakons [4], they are orbitally
stable [12], and the CH equation also possesses the algebro-geometric solutions on a symplectic
submanifold [31]. It should be stressed that the peakons replicate a feature that is characteris-
tic for the waves of great height — waves of largest amplitude that are exact solutions of the
governing equations for irrotational water waves, cf. [6,10].

It has been proved that the Cauchy problem for the CH equation is locally well-posed in [8,14].
Moreover, it has both global strong solutions [5,7,8] and solutions with finite time blow-up [5,
7-9]. Furthermore, wave breaking (namely, the wave remains bounded while its slope becomes
unbounded in finite time [35]) is the only way for the CH equation to develop singularities in
finite time [9]. On the other hand, it also has global weak solutions after the strong solution
to the CH equation blows up in finite time [2,11,37]. In comparison with the celebrated KdV
equation, the advantage of the CH equation lies in the fact that the CH equation not only has
peakon solutions, but also models wave breaking.

The nonlinear term in the CH equation is quadratic. However, there do exist integrable peakon
systems with cubic nonlinearity, which include the cubic CH equation (also called the Fokas—
Olver—Rosenau—Qiao (FORQ) equation)

m 4+ (U —um)y =0, m=u—uy, (L.1)

and the Novikov equation

my —l—uzmx +3uu,m=0, m=u—tyy.

Eq. (1.1) was proposed independently in [18,19,30,32]. Its Lax pair and some explicit soliton
solutions have been studied in [32]. Recently, the orbital stability of the train of peakons, as
well as the Holder continuity for Eq. (1.1) have been studied in [27] and [23], respectively. The
Novikov equation has been proposed in [29] and its Lax pair, bi-Hamiltonian structure, peakon
stability, well-posedness, blow-up phenomena and global solutions were already studied in [22,
24,29,36].

In this paper, we consider the following integrable two-component Camassa—Holm system
with cubic nonlinearity proposed in [34]:

ms + [((wv — uyvy) — (Wvy —uyv))mly =0, 12
ny + [((uv — uxvy) — (Uvy — uxv))nly =0, (12

where m = u — uyy and n = v — vy,. For our convenience, we want to call equation (1.2) the
SQQ system. System (1.2) is a multi-component extension of Eq. (1.1), since it can be reduced to
Eq. (1.1) as v = u. Integrability of the system (1.2) is shown in [34], and particularly, this system
possesses the following conservation laws:
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H; :/mdx:/udx, Hg:/ndx:[vdx, (1.3)
R R

R R

Hz = /m(v —vy)dx,

R

and

Hy = f(u +uy)(v— vx)zmdx.
R

Moreover, some explicit solutions to the system (1.2) such as the cusped solitons (cuspons) and
W /M -shape solitons have been given in [34]. Now, let us set up the Cauchy problem of the SQQ
system as follows:

m; + ((uv —UyVy) — (Uvy — uxv))mx = —((uxn +v,m) + (un — vm))m,

ny + ((uv — Uy Vy) — (VU — uxv))nx = —((uxn + vem) + (un — vm))n,
(1.4)
m(0, x) = mo(x),

n(0, x) =ngo(x).

By using an approach similar to the one in [38], the analytic solutions to the system (1.4) can
readily be proved in both variables, globally in space and locally in time. However, the main goal
of this paper is to study explicit two-peakon solutions to the SQQ system (1.2), and the blow-up
phenomena for strong solutions to the system (1.4).

To this end, we mainly make good use of the fine structure of the system (1.4). When deriving
the precise blow-up scenario for the solutions to this system, we first apply the transport equation
theory to obtain a blow-up criterion (see Theorem 4.1 below), and then exploit the characteris-
tic ODE related to the system (1.4) to construct some invariant properties of the solutions (see
Lemma 4.4 below), which eventually leads to the precise blow-up scenario (see Theorem 4.2
below).

On the other hand, we directly consider the transport equation in terms of (uyn + vym) +
(un — vm) which is the slope of the term (uv — u,vy) — (uvy — u,v) (see Lemma 4.5 below) to
derive a new blow-up result with respect to the initial data (see Theorem 4.3 below), where we
observe that the system (1.4) possesses the conservation laws H; and H> in (1.3).

The rest of our paper is organized as follows. In Section 2, we discuss the explicit peakon
solutions of the system (1.2). In Section 3, we state the local well-posedness for the system (1.4)
in Sobolev and Besov spaces. In Section 4, we derive the precise blow-up scenario and a new
blow-up result for the strong solutions to the system (1.4).

2. Explicit peakon solutions

In this section, we derive the explicit peakon solutions and discuss the peakon interactions of
the system (1.2). First of all, taking the convolution with the Green function p(x) £ %e"x | for
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the Helmholtz operator (1 — 83), one can rewrite the system (1.2) as the following weak form:

U+ (U 4 ux) (v — vy )uy
=—0xpx[((U+uy)(V—vx)) ux]l = p [+ u)(v—vy)),ul,
v+ (U + uy) (v — vy vx
=—0xp*x[((u+uy)(V—vx)) vx] = p* [((u+ux)(v—1uvy)),v]

2.1)

Let us assume the single peakon solution of the system (1.2) shows up in the following form
[33]:

u(t,x) =cre” A,

v(t, x) = cpe x4l
Here ¢ and ¢, are two arbitrary constants, and A is the traveling wave speed to be determined
by c¢1 and c¢y. The derivatives of the above expressions of u(t,x) and v(z, x) do not exist at
x = At, thus they cannot directly satisfy the system (1.2) in the classical sense. However, in the

weak sense, we are able to present out the expressions of u;, v;, u, and v, with the help of
distribution:

u; = Acisgn(x — At)E = —Ac1Ey, v, =Acsgn(x — At)E = —AcyEy, 2.2)
uy = —c1sgn(x — At)E =c1Ex, vy =—casgn(x — At)E = Ey, (2.3)

where E = e~ =41l Substituting (2.2) and (2.3) into the weak form (2.1), taking the integrals
with the test function ¢ = ¢(x) on R in the distribution sense, and noticing the following key
identities:

/u,q&dx:Acl/EqS/(x)dx,
/ vibdx = Aca / E¢' (x)dx,
[ = vousgar =o
[ unw=vougdr=o

/ =0 p # [(( + 1) (0 = v)) s uxldpdx =2ciey / P (EE} — EwED) ¢/ (0)dx

_ 2C%C2

/ E¢'(x)dx,

[ ~ap et 0@ = v vipdr =26 [ e (EE - BB ¢ 00ds

_ ZC%Cl

/ E¢'(x)dx,
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/ —p*[((u+uy)(v—vy)), ulpdx = ZC%szp * (EzEx - EEXE“) ¢dx =0,
/ —p* [ + 1) (v — V), vigdx = 2c5¢) / p* (EZEX - EEE) ¢dx =0,

one may immediately know that A must satisfy

2
A= 5616‘2. (2.4)

So, we obtain the following peakon solutions to the system (1.2):

2. .
u(t,x) =cre F—iactll
2

v(t, x) = cpe K FC1atl

Next, we derive the two-peakon solutions of the system (1.2), which possess the following
form:

u(t,x) = pre 0Ol 4 pye=Ix—02(0]
{( ) =pi 2 05

v(t,x) =rie POl 4 pe—lk—aO1
where p1, p2, 11,72, 41, q2 are the functions of # to be determined.

By adopting the procedure similar to the single peakon derivation described above and sub-
stituting (2.5) into the weak from (2.1), we have

pPli=p2i=ri=r2; =0,
g =—5piri+ 3 [pir2 (sgn(qr — q2) — 1) — pary (sgn(qi — q2) + D] e 11 =221, (2.6)
g2 =—3par2+ 5 [pir2 (sgn(qr — q2) — 1) — pary (sgn(qr — q2) + D] e 11 =921,

From the first equation of (2.6), we know
p1=Aq, p2=A;, ri=By, r=B5B;,

where A1, A, By, and B are four integration constants.
If A|B1 = Ay B>, then we have

{ a1) = =2{ =3 4181+ L [A1 B2 (sgn(C1) = 1) = A2 B1 sgn(C1) + D] e 1 4+ G,
q2(t) = q1(t) — Cy.

If A1 B) # A, B>, then we arrive at

q1(t) = 3A1Bit +T (1),
a2(t) = 3A2Bot + T (1),

where
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u(x,

-15 -10 -5 0 5 10 15
X

Fig. 1. The two-peakon solution for the potential u(z, x) given by (2.7). Red line: t = 1.5; Blue line: = 0.5; Brown line:
t = 0 (collision); Green line: t = —0.5; Black line: + = —1.75. (For interpretation of the references to color in this figure
legend, the reader is referred to the web version of this article.)

3(A1By + AxBy)

re)=-
2|A1B1 — A2By|

sgn(t) (e—%uAlBl—Aszm _ 1)
3(A1By — AzBl)e—%l(AlBl—Asz)ll.
2(A1B1 — A2 By)

In particular, taking A1 = By =1, A =2, and B, = 5 sends the two-peakon solution to the
following form

— o lx—q1 @] —|x—q2(?)|
u(t,x) =e + 2e ,
{ (¢, x) 2.7

v(t,x) =e 0Ol 4 50— =20l

where

2t 7
q1(t) = 3 gsgn(t) (e70M — 1) — Le~ol,

20t 7
q2(t) = 5 gsgn(t) (e70l — 1) — Lol

For the potential u(z, x), the two-peakon collides at the moment ¢ = 0, since g1 (0) = g2(0) =0.
For t > 0, the tall and fast peakon with the amplitude 2 and peak position g, chases after the
short and slow peakon with the amplitude 1 and peak position gj. At the moment of ¢ =0, the
two-peakon overlaps. After the collision (¢ < 0), the two-peakon separates, and the tall and fast
peakon surpasses the short and slow one. Similarly, we may discuss the collision of the two-
peakon for the potential v(#, x). See Figs. | and 2 for the two-peakon dynamics of the potentials
u(t,x) and v(z, x).
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v(X,

-15 -10 -5 0 5 X 10 15

Fig. 2. The two-peakon solution for the potential v(z, x) given by (2.7). Red line: ¢ = 1.5; Blue line: t = 0.5; Brown line:
t =0 (collision); Green line: ¢+ = —0.5; Black line: t = —1.5. (For interpretation of the references to color in this figure
legend, the reader is referred to the web version of this article.)

3. Local well-posedness

In this section, we will state the local well-posedness for the system (1.4). To begin with,
applying Kato’s semigroup theory [26] and going along the similar line of the proof in [16], one
can readily prove the following local well-posedness result in Sobolev space.

Theorem 3.1. Suppose that (mg,ng) € H*(R) x H*(R) with s > 1. There exists a maximal

existence time T = T (|lmol|gs ), ||nollms®)) > 0, and a unique solution (m,n) to the system
(1.4) such that

(m,n) € C([0, T); H*(R) x H*(R)NC' ([0, T); H"'(R) x H*"'(R)).

Moreover, the solution depends continuously on the initial data, that is, the mapping (mg, ng) —
(m,n):

HY(R) x H'(R) = C(10, T); H'(R) x H*(R)) N C'([0, T); H*~'(R) x H'~'(R)
is continuous.
On the other hand, taking advantage of the transport equation theory, Littlewood—Paley’s de-
composition and some fine estimates of Besov spaces [1], one can easily establish the local
well-posedness for system (1.4) in Besov space by means of similar arguments to those in [39].

More precisely,

Theorem 3.2. Let 1 < p,r <ocoands > max(l — %, %, %) buts # 1+ %. Assume that (mg, ng) €
B . (R) x By, .(R), and set
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E} (T)£C([0,T]; B), ,(R) N C'([0, T1; By, (R), if r < oo,

r

E o (T) £ L®(0,T; B} o (R)) N Lip (0, T; B} L(R)).

Then there exists a time T > 0 such that (m,n) € E;‘,’r(T) X E;yr(T) is the unique solution to
the system (1.4), and the mapping (mq, no) — (m, n) is continuous from B;’r(R) X BIS”(R) into

C([0. T): B ,(R) x B} ,(R) NC'([0, T]; By /' (R) x By (R))

T p.r

forall s’ <s ifr =00, ands' =sif1 <r < oco.

Remark 3.1. (1) Note that for every s € R, B; ,(R) = H*(R). Theorem 3.2 holds true in the

corresponding Sobolev spaces with % <s# %, which almost improves the result of Theorem 3.1
where s > 1 is required. Therefore, the conclusion of Theorem 3.1 holds true for initial data

(mo, ng) € H*(R) x H*(R) with s > %, or for all initial data (ug, vo) € H*(R) x H*(R) with
s > %

(2) The above maximal existence time 7" can be proved independent of the regularity index s,
which will be shown in Remark 4.1 below.

4. Blow-up

In this section, we will derive the precise blow-up scenario of strong solutions to the system
(1.4), and then state a new blow-up result with respect to the initial data. Let us first prove a
blow-up criterion for the system (1.4). For this, we need some a priori estimates of the following
transport equation:

of+vo f=F,

TE
5 fli=o = fo.

Lemma 4.1. (See [1].) Let s > —%. Assume that fo € H*(R), F € L'(0, T; H*(R)), and d,v
belongs to L'(0,T; H*"'(R)) if s > %, or to LY(0, T; H%(R) N L*R)) if —% <s < % If
feL®0,T; H*(R)) N C([0, T]; S'(R)) solves (TE), then f € C([0,T]; H*(R)). Moreover,
forall s # %, there exists a constant C = C(s) > 0 such that for all t € [0, T],

t t
O < foll s +/||F(‘L’)||de‘l,' +C/ VOIf@llasdr
0 0
with
. 1 3
V() 7y ||8xv(t)”H%ﬂL°°’ lf - §3<S <3,
||8xv(t)||Hs—l, lf S > -
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Lemma 4.2. (See [20].) Let 0 < s < 1. Assume that fy € H*(R), F € L'(0, T; H*(R)), and
v, dv e L1, T; L°R)). If f € L0, T; H*(R)) N C([0, T]; S'(R)) solves (TE), then f €
C([0, T]; H°(R)). Moreover, there exists a constant C = C(s) > 0 such that for all t € [0, T],

t

t
ILf Ol §||f0||HS+Cf||F(T)||HSdT+C/V(T)Hf(T)HHSdT
0

0
with V (1) = [[v()]|zoe + |3 v(0)]| L.
In addition, the following one-dimensional Morse-type estimates are also required.

Proposition 4.1. (See [1,20].) For all s > 0, there exists a positive constant C independent of f
and g, such that

1fellas@® < CUIfllas@llgllLe® + gl as@ll fllLem®),

and
1 f0xgllas @) < CULf I s+ 181 oo ®) + [ f Loy [10x & [ s ()

Theorem 4.1. Let (mg, ng) € H*(R) x H*(R) with s > % and T be the maximal existence time
of the solution (m, n) to the system (1.4), which is guaranteed by Remark 3.1. If T < oo, then

T
f(nm(r, Mz + lIn(z, )| r=)?dT = co.
0

Proof. We will prove the theorem by induction with respect to the regularity index s (s > %) as
follows.

Step 1. For s € (%, 1), by Lemma 4.2 and the system (1.4), we have

lIm ()| s
t t

S|Im0||Hs+C/||((uxn+vxm)+(un—vm))m(f)||HsdT+C/||m(T)||HS
0 0

X(H(uv — UxVx) — (Uvy — uxv)||po + |[(uxn + vym) + (un — Um)“Loo)dT

and

()| as
t t
=< llnollas + C/ [[(@xn + vem) + (un — vm))n(©)||gsdt 4+ C | |ln(0)]| s
0 0
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X (||(“U —uyVy) — (Wvxy —uyv)||poe + |[[(uxn + vem) + (un — vm)||L°°)dT-

Noting that u = (1 —32)~'m = p*m with p(x) £ Le P (x € R), ux = @y p) xm, uyy =u—m
and || p||;1 = [[9x pllp1 = 1, together with the Young inequality, for all s € R, we have

lullzoe, uxl|zoe, [luxxllzoe < Cllm]||poe 4.1
and

Nllgs, Nuxllas, lluxxllgs < Climl|gs. (4.2)
Similarly, the identity v = p % n ensures

lvllzee, [lvxllzee, Hvxxllzoe < Cllnllze (4.3)
and

[vllas, Nxllas, Noexllas < Clinllgs. 4.4)
Then Proposition 4.1 gives
||((uxn + vym) + (un — vm))m||Hs

< Cl[(uxn 4 vym) + (un — vm)||gs|Im|| L

+ Cll(uxn +vym) + (un — vm)||r||m|| us

< Climl| e lnl Lo llml s + |lm|[ZoolIn | ) 4.5)
and
[[(uv — uyvy) — (vx —uxv)||poe + [[(uxn + vim) + (un — vm)|| =
< C||m||po||n||Loe. (4.6)
Hence,

t
lIm®|as < lmollns +C/ [Im (@)oo [1n ()| Lo [lm (D) s + [1m (Do |10 (D) s d T
0

Likewise,

t
lIn@as < [lnollas + C/ @2 lIm @)1 s + 1Im (@)oo [In ()] | oo [In (D) | s d .
0

Thus, we have
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ImOas + ()] as

t
< lImollus + [Inollms + C/(IImIILoo + [Inllz=)*(lml| s + ln| | as)d.
0

Taking advantage of Gronwall’s inequality, one gets

lIm @ as + [In@O]| &

t 2
< (Imollzzs + llnol| =) o Imleos Hiimllioeydr,

%))

(4.8)

Therefore, if T < oo satisfies fOT(||m(r)||Loc +||n(7)||)%dT < 00, then we deduce from (4.8)

that

limsup(||m()[|zs + [In(D)]|1s) < o0,

t—T

4.9)

which contradicts the assumption that 7 < oo is the maximal existence time. This completes the

proof of the theorem for s € (%, 1).

Step 2. For s € [1, %), applying Lemma 4.1 to the first equation of the system (1.4), we get

t

m Ol as < |lmollms +/ [[(Quxn + vem) + (un — vm))m()||gsdt
0

oo

t
+C/IIM(T)IIHSII(uxn+vxm)+(lm—vM)II 1o dt
H2NL
0

Note that

uxn +vem) + @n —vml| = Cll(uxn +vem) + wn —vm)l]

NL>® +&0

=Cllmll 1ol 1y

where &g € (0, %). Using (4.5) and the fact that H2te0 R) — H? (R) N L*°(R) leads to

t
2
<
llm(@)l1 s < llmol| s +c/||m||H%+EO||n||H%+go||m||Hs Hliml ) helled.
0

For the second equation of the system (1.4), we can deal with it in a similar way and obtain that

t
2
In(0)] 15 = ||no||Hs+c/||n||H%+SO||m||H: Flimll g linll o, Il de.
0
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Hence,
lm (O ms + [In (]| g

t
2
< llmollus + [Inol| g +C/(|IMI|H%+SO Flinll 1) Ulmllgs + lnllasdT.
0

Thanks to Gronwall’s inequality again, we have

lImO|as +1ln @)1

Cfi(mll 1, +lnll 1, )%z
Jodll ”Hz+80 I IIH§+E0

< (llmollas + llnol|s)e (4.10)

Therefore, if T < oo satisfies fOT(||m(r)||Loc + ||n(7)||=)3dt < 00, then we deduce from the

uniqueness of the solution to the system (1.4) and (4.9) with % +eo € (%, 1) instead of s that
||m(t)||H%+SO + ||n(t)||H%+80 is uniformly boundedin ¢ € (0, T).
This along with (4.10) implies that

limsup(|[m()||zs + [In(D)]|ms) < o0, (4.11)

t—T

which contradicts the assumption that 7 < oo is the maximal existence time. This completes the
proof of the theorem for s € [1, %).

Step 3. For s € (1, 2), differentiating the system (1.4) with respect to x, we have

Oymy + ((uv —Uxvy) — (Uvy — uxv))axmx
= —2((uxn +vem) + (un — vm))my — ((uxn +vym) + (un — vm)) m

£ Ri(t,x)

and

ony + ((uv — UyVy) — (Uvy — uxv))axnx
= —2((uxn +vem) + (un — vm))nx — ((uxn +vym) + (un — vm))xn

£ Ry(t, x)

By Lemma 4.2 with s — 1 € (0, 1), we get
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[ (E)[] 51
t t
< |[8xmol| gs—1 +C/||R1(f)||Hs71df+CfIlmx(f)IIHx—l
0 0

X (11 — uxvy) — (Uoy — uxv)||ro + [|(uxn + vem) + (un — vm)||p~)dt
and
[ (O] st

t t
< 10l + € [ 1R lgerde +C [[lim
0 0

X (11 — uyvy) — vy — uyv)||z + || (uxn + vem) + (un — vm)|| L= )dt
Due to Proposition 4.1 and (4.1)—(4.4), we have

[| — 2((uxn +vem) + (un — vm))mxllefl
< C(I[(uxn + vem) 4 (un — vm)|| s [|m|| L

+ 1| (xn 4 vem) + (un — vm)|| oo ||m || gs-1)
< Clim||z<lnl|ze<lm| s + Cllm||Z ool s

and

[| — ((uxn +vem) + (un — vm))xmllefl
< C(llmllas | (uen + vem) + (un — vm)|| oo
+ |m|| Lo || (uxn 4 vem) + (un — vm)||gs)

2
< Cllm||reel|n||Loellm|lgs + Clim||7o[Inl| s,

which together with (4.6) yields
t
lm (O] gs-—1 = IImollys+C/||m||Loo||n||Loo||m||Hs +lml[7lInl| s dT.
0
Likewise,
t
[l O] gs-1 < lInollas +C/||n||%oo|IMIIHs + [lml|zellnllzee]nl| psdT.

0

Thus, we have
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lmx O] gs—1 + [Inx O] gs—1

< llmollas + [Inollas + C/(IImIILoo +[Inllz=)>(lml| s + lnl | as)d.
0

This along with (4.7) with s — 1 € (0, 1) instead of s ensures
[lm @)l ms + [In ()| as

< lImollus + [Inollas + C/(Hm”L"O + [Inllz=)*(lml| s + |lnl | as)d.

Similar to Step 1, we can easily prove the theorem for s € (1, 2).

Step 4. For s =k € N and k > 2, differentiating the system (1.4) k — 1 times with respect to x,
we get

[0 + (v — uyvy) — (v — 1y 0)) 3,105 'm
= _ch VT (o — wyve) — (o — u,0)) 9 m

- af‘%((uxn o vem) + (un — vm)m]
2 Fi(t, x)

and
[9: + (v — urvy) — vy — u0)) 3,19, 'n
— _ch VTN (o — wyvy) — (v — uy0))8 0

- a!ﬁ“[((uxn o vm) + (= vm) ]
2 Fz(l‘, X),

which together with Lemma 4.1 imply

18X~ m ()1 g1 < limol| e + f I|F1 (D) ndT + C/ m (O] g

X |[[(uxn + vem) + (un — vm)|| 1 dt

H2NL*>®

and
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135 ()11 < linoll gx + f | F2(0)| jndT + C/ (O] g
X || (uyn + vem) + (un —vm)||
2ﬁL°°

Making use of Proposition 4.1 and (4.1)—(4.4) again, one infers

||—ch VTN (@ — urve) — oy — uxv)) 3l ml|

k=2

<CR) Y AT (@ — urvy) = vg — ugv)) | oolml] sz
=0

+ 15 (v = urvy) — (@oy — ux0)) [ 1105 m] | 0)

k=2

= C(k) Z(Il(uv — uxvx) = oy —weV)| g lImll e
=0

@ —uxve) = @oe —ux V)| grtlimll gy
S CHE)Y([(uv —uxvy) — (v, — uxU)Hka%HOHmHHk
+ |y — uyvy) — (woy — Mxv)||Hk||m||Hk,%+go)
< C(k)(IImIIHk_%HOIIHIIHk_%HOIImIIHk + |lm|? kb [In]] ge),
k—1
[| — oy [((uxn + vym) + (un — vm))m]||H1
< C||((uxn +vem) 4+ (un — vm))m||Hk

< Cllm||reel|nl|Loellm|| g + || (uxn + vim) 4 (un — vm)|| gi||m|| Lo

< C(||m]| k,lﬂollnll k,lﬂollmIIHkJrllmll RS [lnll gr),
and
II(Mxn+va)+(Mn—UM)II 1
HZNL®
< C||(uxn 4+ vym) + (un — vm)|| k71+50

O S e L S B
where &g € (0, %) and we used the fact that

HF=1T00(R) <> HITOR) <> H2(R)NL®(R) with k> 2.

Thus, we get

4.12)

(4.13)

(4.14)
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t
k—1
oy m@)|[ g1 < [lmoll +C/(IIMIIH,(_%HO||nI|Hk_%+50|Im|IHk

0

2
HlimIRy lnllde.

Similarly,
t
8k_1 t < C 2
[0, " n|l g = lInollgx + (Il o, ] g
H 2%
0
+IImIIHk,%HOIInIIHk,%HO|In||Hk)df-
Then,

X m ()| 1 + 1185 ()] 1

1
2
< llmollgx + lInoll g« +C/(||m||Hk_%+go il oyl e + lInll go)dr,
0

which together with Gronwall’s inequality and (4.10) with s = 1 imply

(e + O]

Cfolmll 1 Hlnll , 1. )2de
fO Hk77+50 Hk7§+£0 .

=< (llmoll gx + lInoll gr)e (4.15)

If T < oo satisfies fOT(||m(r)||Loo + ||n(r)||Loo)2dr < 00, applying Step 3 with % +e9€(1,2)
and by induction with respect to k > 2, we see that ||m (¢)| |H"’%“° + | |n(t)||Hk7%+£o is uniformly
bounded in ¢ € (0, T'). By (4.15), we have

limsup(|m (D)]| e 4 In(@)]| yx) < 00, (4.16)

t—T

which contradicts the assumption that 7 < 0o is the maximal existence time. This completes the
proof of the theorem for s =k € N and £ > 2.

Step 5. For s € (k,k + 1), k € N and k > 2, differentiating the system (1.4) k times with respect
to x, we get

[3 + (v — urvy) — (Wy — 1,0))3,135m
k—1

=_ ZC,iai‘_l((uv — Uy vy) — (uvy — uxv))a)lflm
1=0

— Bf[((uxn +v,em) + (un — vm))m]
£ Gi(t, x)
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and

[0 + (v — uxvy) — (v — 1)) 105n

k—1
== CLs ! (v — uevy) — (wvy — uew))at'n
1=0
— af[((uxn +v,em) + (un — vm))n]
£ Gy(1,x),

which together with Lemma 4.2 with s — k € (0, 1) imply

185 m ()] s
t t
< 118%mol| s +Cf I|G1 ()| ys—rdT +C/ 185 m ()] s
0 0

X (1o = uyve) — vy = uxv)llzee + || (@xn +vem) + (un — vm)|| = )dz

and

[ERTG
t t
< 118%n0l| s +C/ [1G2(7)|| ys—rdT +C/ 185D s
0 0

X (v — uxvy) — (uvy — uyv)||z + [|(uxn 4 vem) + (un — vm)|| = )dt.
By (4.14) and using the procedure similar to (4.12)—(4.13), we have

k—1

=" CRos™ (v — urvy) — (wvy — ux0)) 9t ml | s
=1

+ 1] = 3 ((uyn + vem) + (un — vm))m]|| s

2
< C(k)(IImIIHk,%HOIIHIIHk,%HOIImIIHs + IIMIIka%HOIInIIHS),
and

| — CPak (v — uyvy) — vy — w3 0) Y]] s

< Cllmll e 11057 (v — wrvy) — oy — 13 0)) || o0
+ e oo |15 (v — uxvy) — vy — uxv)) || gs—c)

< Cllml| szl @ = uxvy) = Qv w0l oy

]y 10 = uxvr) = (uvr — uxv)|[ae)
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2
= CAlmll e Iy s + IImIIka%ﬂOIInIIH»v)-

Thus, we obtain

3% m ()] gs— + 1135 nO)] gro—s
t
2
<|lmollas + lInol| s +c/<||m||Hk,%+g0 1111y (lmlls + [1nl a)d T
0

This along with (4.7) with s — k € (0, 1) instead of s lead to
Im@)||as + [In(@)[| s

1
2
< llmollas + [Inoll s +C/(||m|| o tiey TRl 1 ) lmllEs +nllas)dT.
H 2 H 2
0

By using Gronwall’s inequality, Step 3 with % + &0 € (1,2) and the similar argument as shown
in Step 4, we can arrive at the desired result.
In summary, the above 5 steps complete the proof of the theorem. 0O

Remark 4.1. The maximal existence time 7 in Theorem 4.1 can be chosen independent of
the regularity index s. Indeed, let (mq, ng) € H® x H*® with s > % and some s’ € (%, s). Then
Remark 3.1 ensures that there exists a unique H® x H® (resp., H S x H S/) solution (mg, ny)
(resp., (my,ng)) to the system (1.4) with the maximal existence time 7T (resp., Ty). Since
Hf — Hsl, it follows from the uniqueness that Ty < Ty and (mg, ng) = (mgy,ny) on [0, Ty).
On the other hand, if we suppose that Ty < Ty, then (my,ny) € C([0, Ti]; H x HS/). Hence
(mg, ng) € L0, Ty; L™ x L), which is a contradiction to Theorem 4.1. Therefore, Ty = Ty'.

Now we turn our attention to the precise blow-up scenario for sufficiently regular solutions
to the system (1.4). For this, motivated by [5,28], we first consider the characteristic ordinary
differential equation as follows:

% = (v — uyxvy) — vy — uxv))(t, q(t, x)), (t,x)e 0, T) xR, 4.17)
q0,x)=x, x eR, ’

for the flow generated by (uv — uyxvy) — (Uvy — Uy ).
The following lemmas are very crucial to study the blow-up phenomena of strong solutions
to the system (1.4).

Lemma 4.3. Let (mg, no) € H*(R) x HS(R) with s > % and T > 0 be the maximal existence time
of the corresponding solution (m, n) to the system (1.4). Then Eq. (4.17) has a unique solution
g € C1([0, T) x R; R). Moreover, the mapping q(t, -) is an increasing diffeomorphism of R with

t

qx(t,x) =exp / ((uxn +vem) + (un — vm))(s, q(s,x))ds | >0, (4.18)
0

forall (t,x)€[0,T) x R.
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Proof. Since (u,v) € C([0,T); H*(R) x H*(R)) N C'([0, T): H~'(R) x H"'(R)) with

s > %, it follows from the fact H5~}(R) < Lip(R) with s > % that (uv —uyvy) — (UVy — U, V) 1S

bounded and Lipschitz continuous in the space variable x and of class C! in time variable 7. Then

the classical ODE theory ensures that Eq. (4.17) has a unique solution ¢ € C1([0, T) x R; R).
Differentiating Eq. (4.17) with respect to x gives

442009 — ((uyn + vem) + (un — vm))(t, q (2, X))qx (t, X), (t,x) € (0,T) xR,
Qx(oax)zla .XER,

which leads to (4.18).
On the other hand, V¢ < T, by the Sobolev embedding theorem, we have

sup |((uxn +v,m) + (un — vm))(s, x)| < 00,
(5,x)€[0,T)xR

which along with (4.18) implies that there exists a constant C > 0 such that
gx(t,x)=e ' V(t,x)e[0,T) xR.

This implies that the mapping ¢ (¢, ) is an increasing diffeomorphism of R before blow-up.
Therefore, we complete the proof of Lemma 4.3. O

Lemma 4.4. Let (mg, ng) € H*(R) x H*(R) with s > % and T > 0 be the maximal existence
time of the corresponding solution (m, n) to the system (1.4). Then we have

m(t,q(t,x))gx(t, x) =mp(x), 4.19)
and
n(t, q(t, x))qx(t, x) = no(x). (4.20)

forall (t,x)€[0,T) x R.
Moreover, if there exists a C > 0 such that for all (t,x) € [0, T) x R,

((uxn +vem) + (un —vm))(t, x) > —C,
then forallt € [0, T),

llm(t, Yo < Ce |imollgs  and ||n(t, )|z < CeS'||nollps. (4.21)

Proof. Differentiating the left-hand side of (4.19)—(4.20) with respect to ¢ and making use of
(4.17)—(4.18) and the system (1.4), we have
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d
E(m(t,fJ(t,x))qx(t,X))
= (m(t,q) + mx (1, q)q: (t,x))qx (t, x) + m(t, g)qx (1, x)
=[m; + ((”U —Uxvy) — (Uvy — Mxv))mx + ((uxn + vym)
+ (un — vm))m](t, q(t,x))gx(t,x)
=0

and

d
E(”(I,CI(LX))%«(I,X))
= (nt(tv CI) + nx(t» Q)Qt(t’ X))Qx([» X) + I’l(t, CI)C]xt(ta X)
=[n; + ((“v —Uyxvy) — (Uvy — “xv))nx + ((”xn + vym)
+ (un — vm))n(t, q(t, ¥)ge (t, x)
:O’

which proves (4.19) and (4.20). By Lemma 4.3, in view of (4.18)—(4.20), the assumption of the
lemma, and the fact H*(R) — L*®°(R) as s > % we obtain forall t € [0, T),

lm(t, )| = [Im(t, q(t, Nl = gy (¢, Ymo()||e < CeC"|Imol|ps

and

lln @, )l = |, (¢, D= =gy @, InoC)llLe < Ce |lnol|us,
which complete the proof of the lemma. O

The following theorem shows the precise blow-up scenario for sufficiently regular solutions
to the system (1.4).

Theorem 4.2. Let (mg, ng) € H*(R) x H*(R) with s > % and T > 0 be the maximal existence
time of the corresponding solution (m, n) to the system (1.4). Then the solution (m, n) blows up
in finite time if and only if

liminf inf {((uxn + vym) + (un — vm)) (¢, x)} = —oo.
t—T xeR

Proof. Assume that the solution (m, n) blows up in finite time (T < co) and there existsa C > 0
such that

((uxn +vem) + (un —vm))(t,x) = —=C, VY (t,x)€[0,T) x R.
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By (4.21), we have

T
f<||m<r>||Loo + 11 (0)| 1) 2dt < C2Te* T (|lmoll s + |nollus)? < o0,
0

which contradicts to Theorem 4.1.
On the other hand, by (4.1)—(4.4) and the Sobolev embedding theorem, we can see that if

liminf inf {((uxn + vym) + (un — vm)) (¢, x)} = —o0,
t—T xeR

then the solution (m, n) must blow up in finite time. This completes the proof of the theorem. O
Remark 4.2. If v = u, then Theorem 4.2 covers the corresponding result in [21].

In order to have a new blow-up criterion with respect to the initial data of strong solutions to
the system (1.4), we directly investigate the transport equation in terms of (uyn + vym) + (un —
vm) which is the slope of (uv — u,vy) — (UVy — Uy V).

Lemma 4.5. Let (mg, ng) € H*(R) x HS(R) with s > % and T > 0 be the maximal existence time
of the corresponding solution (m,n) to the system (1.4). Set M = M(t,x) = ((uxn + vem) +
(un — vm)) (t,x). Then for all (t,x) €[0,T) x R, we have
M; + ((uv — Uyvy) — (Uvy — uxv))Mx
=—M*—n(1 -3 ((ux +w)M) —m(1 — 33~ (v — v)M)
—nde (1 — 32" ((uy +w)M) +md (1 — 3H ™" ((vx — vIM). (4.22)

Moreover; if we assume that (mg, no) € L' (R) x LY(R) and mo(x), no(x) > 0 forall x € R, then

luy(t,x)| <u(t,x) < H = /mo(x)dx, 4.23)
R
lue(t, x)| <v(t,x) < Hy= /no(x)dx, 4.24)
R
and
M; + (v — uxvy) — vy — uyv)) My < —M?* +8(m +n), (4.25)

for all (t,x) €[0,T) x R, where § £ %(Hl + H)lisa positive constant and Hy, Hy are two
conservation laws in (1.3).
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Proof. As per Remark 4.1, we here may assume s > 3 to prove the lemma. Firstly, we have

M, + ((”v —uxvy) — (uvy — uxv))Mx
= Uy + Ve +un — VM + Uyng + vemy + ung — vmy + ((uv — Uy VUy)

— (v, — uxv)) X (UxNy 4+ VeMy + Uy + VM + Uyt — Ve + Un, — vmy).

(4.26)
From the system (1.4), we infer that
(1= 3wy + (v — uyvy) — (Uvx — uyv))uy]
=m; + (1 = 3D — uxve) = (Uvr — uxv))us]
= —((uv — Uy Vy) — (UVy — uxv))mx — Mm + ((uv — Uy Vy) — (UVy — uxv))ux
— (v — uxvy) = vy — uxv))uy]
= —((uv — UyVx) — (UVx — uxv))(mx —Uy) — Mm
— Ox[Mu, + ((uv — UxVx) — (Uvy — MXU))(M —m)]
=—2uM+ Mm —u, M,
=—uM — (uyM),.
Hence,
up + (v — uxvy) — vy — uxv))ux = —(1 = 32) " (uM + (uxM)y). (4.27)
Likewise,
vy + ((uv — UyVy) — (MU — uxv))vx =—(1- 8)%)_1(UM + (va)x). (4.28)
By virtue of (4.27)—(4.28) and the system (1.4), we have
Uyt + Uy
= _((uv — uxvy) — (uvy — uxv))(uxxn + vyem) —nde (1 — a)%)_l(uM)
—md,(1 =) M) —n(1 =32 L, M) —m(1 — )" (w, M), (4.29)
urn —vim
= — (v = uvy) = vy — uv)) (en — vem) —ndx (1= 37) " (M)
+mde(1 =) Y M) —n(1 =) M) +m(1 - 9H " (wM), (4.30)
Uy +vem;
= —((uv — UyVy) — (Uvy — uxv))(uxnx +vemy) — (uxn + vem)M, 4.31)

and
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uny — vmy;

= —((uv — UyVy) — (UVy — uxv))(unx —vmy) — (un —vm)M.

Applying (4.26) and (4.29)—(4.32), one gets (4.22).
Since mo(x), no(x) > 0 for all x € R, it follows from (4.18)—(4.20) that

m(t,x),n(t,x)>0, V(,x)el[0,T)xR.

Note that
1
u(t,x)=1—08)""mt,x)=(pxm)(t,x) = 5/e—‘x—y'm(t, y)dy.
R
Then
X o
e er X
u(t,x) = 5 / e’m(t, y)dy + ?/e_)m(t,y)dy
—00 X
and

X

e—x ex x®
uy(t,x)=— 7 /eym(t,y)dy—i—E/E_ym(t,y)dy,
X

—00

which together with (4.33) yields

e ¢]

05u(t,x)+ux(t,x)=/ex_ym(t,y)dy5 H, =/m0(x)dx
x R

and

X

O<u(t,x)—uc(t,x)= [ ey_xm(t,y)dySHl:/mo(x)dx.

—00 R

Hence, we prove (4.23).
Similarly, in view of v(¢,x) = (1 — 83)’1n(t, x)=(p=n)(t, x), one gets

o0
0<v(t,x)+uve(t,x)= / e n(t,y)dy < Hy =/n0(x)dx
x R

and

4.32)

(4.33)

(4.34)
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X

0<v(t,x)—ve(t,x)= / e’ *n(t, y)dy < Hy = /no(x)dx, (4.35)
—00 R

which implies (4.24).

Noting that
90— Fol = |3 / sgn(x — e F )y
R
<! / e N fF()ld
=3 ylay
R
=(p*|fDx),

and applying (4.23)—(4.24), (4.34)—(4.35), together with the facts u = p * m, v = p * n again,
one infers
—n(1 =) ((uy +w)M) —m(1 = 3) ™ ((vy — v)M)
<n(p* ((ux + ) —v)m)) +m(p * (ux +u)(v — vy)n))
HHy(n(p *m) 4+ m(p *n))
HH,(Hin + Hym)

A

<
< H Hy(H| + Hy)(m +n),

and

—ndy (1 = 37 ((ux +w)M) +mde (1 — D)~ ((vx — v)M)
n(p |y +w)M[) +m(p*|(v—v)M|)

IA

A

len(p xn)+ H Hyn(pxm) + szm(p xm) + HyHym(p *n)
<2HHy(H| + H2)(m + n),

which along with (4.22) imply (4.25). Therefore, we prove the lemma. O

With Lemma 4.5 in hand, a new blow-up result with regard to the initial data follows to
conclude this section.

Theorem 4.3. Suppose that (mo, no) € (H*(R) N L'(R)) x (H*(R) N L' (R)) with s > % and
T > 0 be the maximal existence time of the corresponding solution (m,n) to the system (1.4).
Assume that mo(x), no(x) > 0 for all x € R, and my(xo), no(xo) > 0 for some xo € R. Set
M(t) £ M(t,q(t, x0)) and N (t) = (m + n)(t, q(t, x0)). If

M(0) < —+/28N(0), (4.36)
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where § is the positive constant defined in Lemma 4.5, then the solution (m, n) blows up at a time
To € (0, T1] with

_M(O) ++/MZ%(0) — 26 N(0)

T; £
SN (0)

Moreover, when Ty = T1, we have the estimate of the blow-up rate as follows

liminf ((To — )M (1)) < —1. 4.37)

t—>T,

Proof. In view of Remark 4.1, we here may assume s > 3 to prove the theorem. By (4.17), (4.25)
and the assumption of the theorem, we have

d d
— M) = —M(t,q(1, x0))

dt dt
= (Mt + ((”U — UxVy) — (Uvx — uxv))Mx) (t,q(t, x0))
<—M*(t)+8N@). (4.38)

From the system (1.4) and Eq. (4.17), we get

d d d
ENO) = Em(l‘,CI(I,XO)) + En(t,tI(t,XO))

=—M(@)N(t). (4.39)

Apparently, (4.18)—(4.20) and the assumption imply N (¢) > 0 for all 7 € [0, T). By (4.38) and
(4.39), we have

d d 2
N@®)—M@)—M@)—N(@) <SN“(1),
()dt ) ()dt (1) =8N*(1)
which gives j—t (%T(;D < 4. Integrating from O to ¢ yields

M@ _ M)

NG S —N(O) + dt,
or hence
M((t) < (M + (St) N() (4.40)
“\N(0) ’ ’
which along with (4.39) leads to
i(L)<@+at (4.41)
dt \N@)) ~— N(0) ' ’

Integrating from O to ¢ gives
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t
1 1 M)
SNO S NO +/ (N<0> HT) ar
0

_§<tz+2M(0) +L)
2 SN@©)  S8N(0)

8
= =T =T, (4.42)
with

M©O) Ti+T
SNO) 2

0<T) <— <1, (4.43)

and T, T, are two different roots of the equation 2+ 6%((8))t + 57 (0) = 0, which is ensured by
(4.36). Thanks to (4.42), one can find some Ty € (0, T1] such that

N(t) > +oo, ast— Ty.
In view of (4.40) and (4.43), one deduces

inlf& ((uxn +vem) + (un — vm))(t, xX)<M(t) > —o0, ast— Ty.
XE

So, according to Theorem 4.2, the solution (m, n) blows up at the time Ty € (0, T1].
On the other hand, when Ty = T, thanks to (4.40) and (4.42)—(4.43), one infers that for all
0<t<Typ,

(To—t)M(t) <(Tp —1) <ﬁ + 8t> N(t)

< (1 —t)(M(O)Jr t)
= o N(0) St —T)(t —Tr)

T+1
2

t_
=T

which yields (4.37). Therefore, we complete the proof of the theorem. O
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