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A Fast BP Algorithm With Wavenumber Spectrum
Fusion for High-Resolution Spotlight SAR Imaging
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Abstract—This letter presents the accelerated fast backpro-
jection (AFBP) algorithm for high-resolution spotlight synthetic
aperture radar (SAR) imaging. In conventional fast backprojec-
tion (FBP) algorithms, image-domain interpolation is employed
in the subaperture (SA) fusion. However, in AFBP, by using a
unified polar coordinate (UPC) system, the interpolation-based
fusion is substituted by fusing the SA spectra in the wavenumber
(WN) spectrum domain. The WN-domain SA fusion is efficiently
implemented by fast Fourier transform and circular shifting. In
this letter, an accurate impulse response function and the WN
spectrum expression of the backprojected image in the UPC
are explicitly derived, and furthermore, the implementations of
AFBP are investigated in detail. Compared with conventional
FBP algorithms, the AFBP can precisely focus on high-resolution
SAR data with dramatically improved efficiency. Both simulation
and real-measured data experiments validate the superiorities of
AFBP by comparing it with the fast factorization backprojection
(FFBP) algorithm.

Index Terms—Accelerated fast BP (AFBP), fast backprojection
(FBP), fast factorized backprojection (FFBP).

I. INTRODUCTION

THE time-domain backprojection (BP) algorithm has al-
ready been recognized as an ideal approach for high-

resolution synthetic aperture radar (SAR) imaging [1]–[3].
Rooted in the basic principle of wideband beamforming with
the 2-D coherent integral, the BP algorithm offers more ad-
vantages than traditional SAR image formations, such as the
precise compensation of curve wave-front effect for any SAR
configuration optimal accommodation of topography and
aperture-dependent motion compensation [4]–[7]. However, the
intensive computational burden of the original BP algorithm
makes it unacceptable in many real-time imaging scenarios.
Hence, great efforts have been devoted to enhancing the ef-
ficiency of the BP integral. Several novel fast BP (FBP) al-
gorithms have been recently developed [8]–[10], for instance,
the fast factorized backprojection (FFBP) algorithm [9] is one
of them. The key idea of the FFBP algorithm is to split the
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long synthetic aperture into short subapertures (SAs), each of
which generates a coarse angular resolution image in a local
polar coordinate (LPC) system. The coarse images are then
recursively fused by image-domain interpolation. In a pyramid
computational architecture, the FFBP dramatically reduces the
computational burden of the original BP algorithm, which is
close to the theoretical efficiency of conventional frequency-
domain algorithms. In the FFBP, however, the LPC system is
adopted for an SA image, where the SA center is defined as
the origin. Hence, coordinates of a certain target vary from
one SA image to another. As a result, in the SA fusion of the
FFBP, interpolation in both range and azimuth is necessary to
fuse all SA images. The 2-D pixel-by-pixel interpolation brings
two outstanding negative effects: 1) the main source of the
computational burden of the FFBP lies in the 2-D interpolation;
and 2) the interpolation also brings inevitable errors in each
FFBP recursion, and those errors would be transferred and
accumulated during the recursions, which lead to focal degra-
dation of the final SAR image. In particular, with the decrease
in the SA length, the focal degradation becomes serious, which
instinctively yields a tradeoff between precision and efficiency
in FFBP imaging. Although some optimal interpolation kernels
[11] are able to improve the performance of the FFBP, the nega-
tive effects induced by the 2-D interpolation are still distinctive.

In this letter, the accelerated FBP (AFBP) is proposed for
the high-resolution spotlight SAR imaging. Different from the
recursive architecture of the FFBP, the AFBP only contains
two stages: SA image formation using a unified polar coor-
dinate (UPC) and SA fusion in the 2-D wavenumber (WN)
domain. By the formation of all SA images in the UPC, the
interpolation-based SA fusion in the FFBP is substituted by
a 1-D spectrum fusion in the 2-D WN domain. Based on the
rigid derivation of the impulse response function (IRF) in the
BP image under the UPC, implementation of the AFBP is
investigated in detail. The SA fusion of the AFBP is efficiently
realized by fast Fourier transform (FFT) and circular shifting.
As the 2-D interpolation within the FFBP SA fusion is avoided,
the AFBP obtains significant improvements in both efficiency
and precision. Experimental comparisons for the FFBP and the
AFBP are presented by using real-measured SAR data set.

II. DERIVATION OF THE AFBP ALGORITHM

A. Introduction of the FFBP Algorithm

Here, we introduce the signal model and the basic principle
of the BP integral. The spotlight SAR geometry in the polar
coordinate system is shown in Fig. 1, where the SAR platform
moves along a straight-line flight track with a constant velocity
v, and a synthetic aperture of length L is generated. The straight
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Fig. 1. Geometry of spotlight SAR in the polar coordinate geometry.

trajectory is defined as the X-axis with aperture centered at
origin O. During data acquisition, the radar beam always illu-
minates the scene center. When the antenna phase center locates
at X = vt ∈ [−L/2, L/2) (where t denotes the slow time), the
instantaneous range from the radar to a point target P in the
polar coordinates (rp, θp) is given by

R(X;rp, θp)=
√

r2p +X2−2rpX sin θp, −L
2
≤X<

L

2
. (1)

Defining the azimuth angular coordinate αp = sin θp, we can
rewrite the range history as

R(X;rp, αp)=
√

r2p +X2−2rpXαp, −L
2
≤X<

L

2
. (2)

Assuming that the point target has unit scattering coefficients,
then after demodulation, we have the echoed signal of the
target, i.e.,

s(τ,X) = rect

[
X

L

]
· sT (τ −Δtp) (3)

where Δtp = 2R(X; rp, αp)/c corresponds to the time delay,
c is the speed of light, and sT (τ) is the transmitted waveform
with bandwidth B and carrier frequency fc. By the matched-
filtering in range, the range-compressed signal is given by

sM (τ,X) = sinc [B · (τ −Δtp)] · rect
[
X

L

]
· exp [−jKrcR(X; rp, αp)] (4)

where the sinc function is defined by sinc(u) = sin(πu)/πu,
symbol Krc = 4π/λ denotes the range WN center, and λ is
the wavelength corresponding to the carrier frequency. The
time-domain BP algorithm is implemented by a coherent in-
tegral along the range history in the range-compressed and az-
imuth time domain. The backprojected pixel at the coordinates
(rp, αp) is obtained by a BP integral, i.e.,

S(rp, αp) =

∫ L/2

−L/2

sM

[
τ =

2R(X; rp, αp)

c
,X

]
· exp [jKrcR(X; rp, αp)] dX. (5)

For each pixel in the BP image, a coherent integral along
a specific integral trajectory should be calculated in the 2-D
range-compressed and azimuth time domain. In a pixel-by-
pixel manner, BP imaging is inherently inefficient. Inheriting
the precision merits of the BP algorithm, FBP algorithms [8],
[9] are capable of accelerating the BP integral. One of such FBP
algorithm is the FFBP, which divides the BP integral into SA
BP integrals and combines the SA images coherently. In the
first stage, the synthetic aperture is divided into a set of SAs,
and each SA data is backprojected into an SA BP image with
coarse angular resolution in an LPC system. The full-resolution
SAR image is achieved by fusing all coarse images recursively,

Fig. 2. Polar coordinates for SA imaging. (a) LPC. (b) UPC.

which usually contains several SA fusion stages. In each fusion
stage, the LPC is established by setting the SA center as the
coordinate origin. As shown in [8] and [9], BP imaging in the
LPC is beneficial to avoid spectrum aliasing and ambiguity.

In the SA fusion of the original FFBP, a 2-D interpolation is
required to combine all SA images in different LPCs together.
For clarity, we use Fig. 2(a) to illuminate the LPC system in
the SA imaging of the FFBP. In the following, we develop
the AFBP algorithm. Without using the 2-D interpolation, the
SA fusion of the AFBP relies on the spectrum connection
implemented by the FFT and circular shifting. The key of
the AFBP is that a UPC is utilized in the generation of SA
images. Herein, we first interpret the concept of the UPC and
compare it with the LPC. Let us split the full aperture into
Nsub SAs with equal length l = L/Nsub. An SA image is
generated with the BP integral in the first stage. However, all
SAs are backprojected onto the UPC defined by (r, α). The
coarse angular resolution SA image can be formed by the BP
integral over the nth SA, i.e.,

I ′u(r, α) =

∫ l/2

−l/2

sM

[
τ =

2R(X + xu; r, α)

c
,X + xu

]

· exp [jKrcR(X + xu; r, α)] dX (6)

where xu = (u− (Nsub/2)− (1/2)) · l denotes the uth SA
center. For our convenience, the UPC is set as the full-aperture
polar coordinate shown in Fig. 2(b). Thus, all SA images are
backprojected through using the UPC, namely, all SA images
are mapped under the same polar coordinate system with the
origin at O.

B. Accelerated FBP Algorithm

Here, we focus on the mathematical derivation and imple-
mentation of the AFBP algorithm. In order to facilitate the
mathematical description, the IRF and its corresponding 2-D
WN spectrum of the BP image in the UPC will be derived first.

The IRF for the point located at (rp, αp) in the UPC can be
obtained through calculating the neighborhood pixels around
the grid in the SA BP image. The IRF of the uth SA BP image
is given as follows:

Iu(r, α) =

∫ l/2

−l/2

sM

(
τ =

2R(X + xu; r, α)

c
,X + xu

)

· exp [jKrcR(X + xu; r, α)] dX. (7)

The magnitude of the IRF on grid (r, α) is achieved as a
coherent integral of the range-compressed signal along the



1462 IEEE GEOSCIENCE AND REMOTE SENSING LETTERS, VOL. 11, NO. 9, SEPTEMBER 2014

range history R(X + xu; r, α), and by replacing X + xu with
X , (7) is simplified as

Iu(r, α) =

∫ l/2+xu

−l/2+xu

exp [−jKrcΔR(X; r, α)] dX. (8)

In (8), ΔR(X; r, α) stands for the difference between
R(X; rp, αp) and R(X; rp, α). To derive the analytic expres-
sion of the azimuth IRF, ΔR(X; r, α) is extended into the
second-order Taylor series, i.e.,

ΔR(X;rp, α)=R(X;rp, αp)−R(X;rp, α)

=
√

r2p +X2−2Xrpαp−
√

r2p +X2−2Xrpα

=(α−αp) ·X+
(α2−α2

p)

2rp
·X2+σ(X3)

X ∈
[
−l

2
,
l

2

)
+ xu

≈(α−αp) ·X (9)

where σ(X3) represents the high-order terms, which usually
take a fraction of ΔR(X; rp, α). In general, the vast majority
of energy of IRF is intensively concentrated within a very
small region around α = αp, whose size is associated with the
angular resolution. For the synthetic aperture of length L, the
angular resolution is given by Δα = λ/2L [12]. Given a certain
aperture length, the magnitude of the quadratic term in (9)
increases as (α− αp) deviates from zero. Assuming that α is
in the neighborhood of αp that α = αp + δα, we can determine
the effect of the quadratic term on the IRF as follows:

−
(
α2
p−α2

)
2rp

·X2=−
[
α2
p−(αp+δα)2

]
2rp

·X2 ≈ δα · αp

rp
·X2.

(10)

The quadratic term causes a quadratic phase error (QPE) in the
BP integral in (8) as

QPE = 4π
δα · αp

λrp
·X2. (11)

The magnitude of QPE is directly proportional to δα. Once the
magnitude of QPE is small enough, its effect on the BP integral
can be neglected, such as when QPE is constrained within π/8
[12]. As the shape of IRF is mainly determined by its magnitude
within the range [αp − δα, αp + δα], equivalently, the QPE at
the boundary determines the shape of IRF. Substituting δα =
Δα into (11) and constraining the value of QPE below π/8,
we have |4π(αp/2L · rp) · (L/2)2| ≤ (π/8), which leads to
αpL ≤ (rp/4). It indicates that, for the BP IRF, the first-order
approximation in (9) is precise enough if the value of αpL
is smaller than a fourth of rp. This constraint is easy to be
achieved in real SAR scenarios.

In light of the azimuth IRF analysis, one can see that a
nominal quadratic term makes the SA BP integral in (8) be
simplified as

Iu(α) =

∫ l/2+xu

−l/2+xu

exp [−j ·Krc ·ΔR(X; rp, α)] dX

≈
∫ l/2+xu

−l/2+xu

exp [−j ·Krc ·X · (α− αp)] dX. (12)

To see the AFBP clearly, we define the angular WN variables
as follows: {

Kα = Krc ·X
ΔKαu = Krc · l
Kαu = Krc · xu.

(13)

Apparently, the angular WN Kα, interval ΔKαu, and center
Kαu are specifically associated with the azimuth coordinates
X , SA length l, and SA center xu, respectively. These variables
reveal that there is an inherent correspondence between the
azimuth time domain and the angular WN domain in the BP
framework. By (13), (12) becomes

Iu(α) =

∫ ΔKαu/2+Kαu

−ΔKαu/2+Kαu

exp [−j ·Kα · (α− αp)] dKα α ∈
[
−ΔA

2
,
ΔA

2

]
(14)

where ΔA is the predefined angular range of the SA image,
which also determines the azimuth size of the final image.
Obviously, the Fourier transform relationship between Kα and
α yields a sinc expression of the azimuth IRF. This relationship
paves a way for us to establish the SA fusion in the AFBP by
seamlessly compositing the SA WN spectra. The expression of
the angular WN spectrum is accessible via applying an inverse
Fourier transform to Iu(α), i.e.,

Iu(Kα) =

ΔAu/2+Acu∫
−ΔAu/2+Acu

Iu(α) · exp(jKαα)dα

=rect

[
Kα −Kαu

ΔKa

]
· exp(jKααp)

Kα ∈
[
−ΔKα

2
,
ΔKα

2

)
+Kαu (15)

where Acu denotes the predefined coordinate center of the
uth SA image in the UPC. The expression of Iu(Kα) in (15)
is easy to understand: The window function determines the
position and the width of the angular WN spectrum, and the
exponential term corresponds to the azimuth grid of the target
in the UPC. Redefining Δα as the interval of the angular grid,
we note that the Nyquist sampling criteria can be satisfied only
if the grid of the SA image is restricted by Δα ≤ λ/2l. A
crucial phenomenon should be noted: If −(ΔKα/2) +Kαu <
−(π/Δα) or (ΔKα/2) +Kαu > (π/Δα), the angular WN
spectrum would be folding, which is no matter to the SA fusion
in the AFBP. For the uth SA, one can circularly shift the center
of its angular WN spectrum from zero to Kαu. Furthermore,
(15) also indicates that, in the SA fusion of AFBP, each SA
contributes an individual WN spectrum patch, whose WN
center and width correspond to the SA center and its length,
respectively. Based on above analysis, we can perform the SA
fusion in the AFBP with the spectrum connection: Each angular
WN spectrum is circularly shifted in the azimuth direction to
move the WN center from zero to the WN center Kαu, and
they are united as a long vector, as illuminated in Fig. 3. The
full-resolution SAR image is directly achieved by transforming
the complete WN back into the image domain with a Fourier
transform.

In order to implement the AFBP for high-resolution SAR
imagery, we need to extend the WN connection to the 2-D case.
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Fig. 3. SA fusion with angular WN spectrum connection.

The analytic 2-D WN spectrum can be directly extended from
the 1-D spectrum expression in (12) through replacing the WN
variables in (13) by{

Kα = Kr ·X
ΔKαu = Kr · l Kr ∈

[
− 2πB

c , 2πB
c

]
+Krc

Kαu = Kr · xu

(16)

where Kr is the range WN. By substituting (16) into (14) and
(15), we arrive at the 2-D WN spectrum of the uth SA BP
image, i.e.,

Iu(Kr,Kα) =rect

[
Kr −Krc

ΔKr

]
· exp(−jKrrp)Kα

∈
[
−ΔKαu

2
,
ΔKαu

2

)
+Kαu

· rect
[
Kα −Kαu

ΔKa

]
· exp(jKααp)Kr

∈
[
−ΔKr

2
,
ΔKr

2

]
+Krc (17)

where ΔKr = 4πB/c is the extent of range WN. From (16),
we find that the WN center Kαu is a linear function of range
WN Kr and that the 2-D WN spectrum is distributed in
trapezoid form. With the variation of angular center with Kr,
the angular WN spectrum connection in Fig. 3 can be extended
immediately to the 2-D one, which implements the AFBP
algorithm. Fig. 4 presents the spectrum connection processing
of the AFBP. We may give a detailed procedure of the AFBP
imaging in the following steps: 1) constructing SA images with
coarse angular resolution in the UPC by using the BP integral;
2) applying the range FFT and azimuth inverse FFTs (IFFTs) to
each SA image to transform them into the 2-D WN domain;
3) directly connecting the SA WN spectra to achieve the
complete WN spectrum; and 4) the range IFFT and azimuth
FFT are followed to obtain the full-resolution SAR image.

III. REAL DATA EXPERIMENTS

Let us first evaluate the performance of the AFBP. A com-
parison with the original FFBP algorithm is also provided.
The first stage of the FFBP is identical to that of the AFBP
except in the selection of polar coordinates, while its SA fusion
is implemented by 2-D interpolation recursively. For a fair
comparison between the AFBP and the FFBP, the BP integral
with an identical SA length is performed in the first stages of
AFBP and FFBP. Full-resolution SAR images are obtained via

Fig. 4. SA fusion with 2-D WN spectrum connection.

Fig. 5. (a) FFBP and (b) AFBP results.

Fig. 6. Magnified subscene images of (a) FFBP and (b) AFBP.

spectrum connection in the AFBP and recursive interpolation-
based fusion in the FFBP.

The tested data set was collected by an X-band experimen-
tal SAR working at a spotlight mode. Meanwhile, the pulse
repetition frequency was 2100 Hz, and the transmitting signal
bandwidth was 1.16 GHz. In our experiment, the synthetic
aperture time was 7.8 s, acquiring 16 384 pulses with each
pulse of 16 384 range bins. The closest operating range to the
reference point was 10.5 km. The generated image was about
1.6 × 1.24 km in the range and azimuth directions with a
nominal range and azimuth resolution of about 0.15 × 0.15 m.
We produce high-resolution and wide-swath SAR imageries
by both FFBP and AFBP, as presented in Fig. 5(a) and (b).
Identical SA images are generated in the first stage of both
FFBP and AFBP, where the synthetic aperture is evenly divided
into 1024 SAs, each with length 16 pulses.

Using the spectrum connection for the SA fusion, the AFBP
is over two times faster than the FFBP in this experiment.
Both FFBP and AFBP achieve high-quality imageries. In
fact, their difference is not distinguishable in vision from the
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Fig. 7. Comparison of (a) FFBP and (b) AFBP images for points 1 and 2. (c) Azimuth IRF plots of points 1 and 2.

Fig. 8. Comparison of AFBP and FFBP images of point 3. (a) FFBP image of points 1 and 2. (b) AFBP image of point 3. (c) Azimuth IRF plots of point 3.

full-scene image. In order to access their performance com-
parison, a subscene in the imaging swath is magnified, as
shown in Fig. 6, for a comparison. Particularly, the subscene
contains some close-located trihedral corner reflectors, i.e.,
points 1–3 circled in Fig. 6(b). Although those point-like tar-
gets are optimally focused in both FFBP and AFBP images,
those from the AFBP are focused with lower sidelobes, and
their energy is more concentrated. The main reason for this
phenomenon lies in that the interpolation error accumulation in
the FFBP recursions is avoided in the AFBP. In subscene A,
there are two close-located corner reflectors (points 1 and
2) with 0.15-m distance in azimuth and a single reflector
(point 3), which are circled in the upper region in Fig. 6(b).
To demonstrate the optimal performance of the proposed ap-
proach, we give their images and azimuth IRFs with hamming
windowing in Figs. 7 and 8. One can clearly find that by
both approaches, the two reflectors are distinctively separated,
whereas the IRF distortion of the FFBP is obvious compared
with the AFBP IRF. In Fig. 8(c), high sidelobes (up to −15 dB)
exist near the main lobe, whereas the AFBP achieves much
lower sidelobes (below −25 dB). We interpret that the high
sidelobes in FFBP IRF can be reduced with the increase in
SA length, i.e., 64 pulses for an SA, at a price of significant
increase in computational complexity. On the contrary, the
AFBP can maintain its optimal performance with a short SA
length, providing high efficiency simultaneously.

IV. CONCLUSION

This letter has proposed the AFBP algorithm for high-
resolution spotlight SAR imaging. In the AFBP, SA images
with coarse angular resolution are generated by mapping SA
data into a UPC system. Based on the analytic expressions of
the IRF, the SA fusion in conventional FFBP with interpolation
is simplified into the processing of 1-D WN spectrum connec-
tion. Along with dramatic efficiency improvement, the AFBP
can also reduce the undesired effects in the FFBP induced by
the interpolation-based SA fusion.
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