Time-Dependent Photon Statistics in
Variable Media

Supplementary material: Solutions of
Heisenberg Equations of Motion (with DPAII
Example)

(This notebook has been created by Sergei Suslov. )

Mathematica Tools

Definitions from the book “Glimpses of Soliton Theory” by Alex Kasman;
http://kasmana.people.cofc.edu/GOST/

odoapply[ll , £ ] := Module[{i},
Simplify|[
Sum|[ Coefficient[11l, Dd, i] D[f, {x, i}],
{i, 0, Exponent|[Collect[1l1l, Dd], Dd]}]]]
odomult[L_ , M_] := Module[{i, f, rem},
rem = odoapply[L, odoapply[M, f'[x]]];
Sum[Simplify[Coefficient[rem, D[f'[x], {x, i}]]]1Dd4d"i,
{i, 0, Exponent[Collect[L*M, Dd], Dd]}]]
odosimp[LL_] := Module[{n, i, L, outL}, (
L = Collect[LL, Dd];
n = Exponent [L, Dd];
For[i=0; outL,=0, i<n+1, i=1i+1,
outL = outL + Simplify[Coefficient[L, Dd, i]] Dd"i];
outl) ]

Position and momentum operators in coordinate representation

{X=x, P=-IxDd}
{x, -1 Dd}

XtimesP = odomult [X, P]
-1 Dd x
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PtimesX = odomult [P, X]

-1 -1Ddx

CommutatorXandP = odosimp [XtimesP - PtimesX]

i

An Example: DPAII

Time-dependent creation and annihilation operators (in capital Greek letters) for DPAII

{ W*X-I%P (e"‘"‘*"“") (Zia—/32+e2”w)) WX+ IxP
* + *

V2w 2BVw V2w
(e‘t(“i"’) (21'1a+/32+e2t"w)) iet A+io) (/36—2as+1'1e2“‘ew)
+
2B8Vw V2 BVw
WxX+I#P (e‘t"“”) (—Zia—/32+e“"w)) WxX-I#P
*

Ners 28 Vo V2o
(e‘t("‘i“’) (—2ia+Bz+e2t’\w)J i et @-iw) (Bé—Zas—ieZtlew)}
2BVw Vv2 BVw
{cet (A+i w) (2]’10(—52+<ez“\w) (-Dd + X w)
22 Buw
et i) (24 g+ p2+e?t ) (D + xw)
22 Bw
ie® i) (B5-2ae+ie?tew)

V2 gVw
et A-iw) (—21’10(+/32+<e2”a)) (-Dd + X w)
2\/76«)
et (A-iw) (—21’10(—/32+<e2”w) (DA + x W)
2\/7/3w

iet(A-iw (55—20(8—]1@21—‘)‘80))

V2 gVu }

14

B =

*

+

+

14

+
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%/.t->0
{(Zioc—52+a)> (-Dd + X w) . (21’10(+62+w> (DA + X w) X
2\/76&) 2\/?560
i(B6-20ae+icw) (-2ia+p?+ow) (-Dd+xw)+
V2 gVw ' 22 Bu
(-2ia-p%+w) md+xw)_j(552agigm}

22 Buw V2 BV

AtimesB = odomult[A, B]

Dd? -2t 1 2 JlDde*Zt’\(Bé“—Zocs+2xa\/w) 1

+
2 (,()2 (,()3/2 2 /32 w

<e2t1<4a2 (E—X\/U>2+20(B(—]'15_265+ZX6\/U

+

ettt (S—X\/U)ZQ)Z-FBZ (6% + e*** w)

BtimesA = odomult[B, A]
Dd2 e 2t 7 32 dee’Zt/\<Bé—2a£+2xa\/w) 1
- - +
2 w? w3/? 2% w

e2”(4f(g—xJJf+2a5(45—255+2xévﬁ)+

ettt (E_x\/j)zw2+52 (6% - et w)

CommutatorAandB = odosimp [AtimesB - BtimesA]
1

DPAII quadratic Hamiltonian and required commutators (in capital Greeks). Heisenberg’s equations of
motion

1
HAB = ; w % (odomult[A, B] + odomult[B, A]) -

A
?*I* (Exp[2*Iwt] xodomult[A, A] - Exp[-2*Iwt] *odomult[B, B]);

{AtimesH = odomult [A, HAB], HtimesA = odomult [HAB, A]};
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CommutatorAandH = odosimp [AtimesH - HtimesA]

Dd e ® 1@ 3 (i X+ w) 1
+
V2 w V2 BVw
et (A+iw (Bé(AJrle —(€—X'\/ )( A+1w)+62t’\w(j/\+w)))

{BtimesH = odomult [B, HAB], HtimesB = odomult [HAB, B]};

CommutatorBandH = odosimp [BtimesH - HtimesB]

Ddet 19 3 (i A+ w) 1
+

V2 w V2 gVw

et (A-iw) (_Bé()—jw) + g—xx/U) (20 (X -1iw) +e2tkw(—j/\+a))))

D[A, t] + I * CommutatorAandH
4/2 (EZtA_t()H'jw)EA“/(U (eZt)k—t(AHiw)A(_Dd_i_xw)
- +

+
B V2 B
1 .
—————e t UMY (L -dw) (2ia-p*+e? P w) (-DAd+xw) +
22 Buw
eZtA—t (A+1 w) ht <Dd+X(,L)> 1
+
V2 B 22 Buw
et (Lx-dw) (2ia+pP+ et w) (DA +xw) +
ietMio) (La-iw) (B6-20e+ie?ttew)
+
\/7/3\“0
(DA et Miw) 3 (i X+ w) 1
1 +
V2 w V2 Vo
(et (A+1 w) (/36(}+]'lw ,(€,XF)< A+1w)+e2tkw(jk+w))>]
FullSimplify[%]

0
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D[B, t] + I *x CommutatorBandH
4/2 eZt/\—t(A—ja)) €A“/(,U (EZt)L—t(/\—jw)A(_Dd+xw>
- +

B V2B

+

1 .
et (10 (L34 (_zja+52+e2tﬂw> (-Dd + X W) +
2V2 Bw
e2tA-t (-i0) 3 (Dd + x w) 1

+
V2 B 22 Buw

e T ) (L1 w) (—Zia—Bz+e2tAw> (Dd + x W) -

iet o) (L4 1w) (/35,20(5,]'1@%18@) .
V2 gvVw
Dde®t 19 B (i A+ w) 1
i JZ o V2 sa
et A-iw) (—55 (A-1w) + (s—xx/E) (2a (A -iw) +e2w (-jA+w>))]
FullSimplify[%]

0
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An Extension: The General Quadratic Hamiltonian

Time-dependent coordinate and momentum operators (in capital Greeks) in terms of solutions of
Ermakov-type system

{o=(@~(-172) /p1t]) »

E [2%1 [t]] WxX+IxP E [-2%T [t]] wWw*X-IxP
xp * *Y * — + xp - * *Y * — -
V2w V2w
e[t] /B[t], P= (a[t] 27 (1/2) /B[t]) *
E [2%1 [t]] WxX+IxP E [—2%1 [t]] WxX-IxP
Xp[2*I*xy * ———————— +EXp[-2*xI*xYy * ———— | +
V2w V2w
(BIE]/ (T% 2% (1/2)))  |Exp[2+T#y[t]] % e T*7
* * |[EXp[2*I %y - ————
V2w
wWw*X-IxP
Exp[-2*T+y[t]] —] +6[t] - 2% (a[t] e[t] /BIE]) }
20
e 2iv[t] (_Dd+x w) e2iv[t] (Dd+x w)
{ V2 Vo V2 Vo _E[t]
V2 B[t BLE]
e 2iv[t] (_Dd+x w) e?iv[t] (Dd+x w)
V2 | T pdme, Sl )a[t]_
Blt]
. [ e 2iv[t] (-Dd+x w) e?iv(t] (Dd+x w)
i | 2o ze ) B1t]

N Blt]
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Ptimes® = odomult [P, @]
1

4wpt]?

1

+—
2w B[t]?
Dd e 41 Y[t (2 (—1+<e“7[t]) alt] (<1+ce4j“t}) xVo -2tV gt

Blt] (e““ﬂ (-1+e* 7)) 51t -

DA% e 41 vIt] (2 (-1+e ) 2are] - i (-1 +e8iVIE) B[t]2>

+

1

+

i B[t] ((1+@8mt1) x Vo - e t¥E (14 ety a[t]))
—46 ” et 1VIE] (Za[t] ((1+<e4j”[t}) (—1+x2w+<e4jl“t] (1+x2w)> -
[t]

4V (1 et PV xVw e[t] + 4t ge]?) 4

Bt] (2 €217t 5] ((1+e4mt}) xVw -2 e2ivit] s[t]) -

iB3[t] (1+2e4j”m -x?w+ e VIt <1+x2w> -

2 @2 iylt] <—1 + <e4”m) x VW e[t])))
?timesP = odomult [?, P]
1

40wpB[t]?

| . , 1
Dd2 @41 v(t] (2 (—1+<e4”m)2a[t] ~ i <,1+e8w[tJ) Blt]?

+ —
2Vw Blt]?
Dd ettt (2 (~1+et ) are] (14t VM) xVo - 2e? PV et

Blt] (e““ﬂ (-1+et 7)) 51t -

+

1

+

i B[t] ((1+e8”[t1) x Vo -e?i¥E] (14 etivie]) s[t])
— e ivIH] <2a[t] ((1+<e““t}) (-1+x?w+e VI (14 x%0)) -
43[t]

4 e21vIt] (1+e4j“t]> xVw e[t] + 4 etV 5[t]2) +B[t]
(2 eIt 51¢] (<1+e““t}) xVw -2e?tvIE] g[t]) —1 (-1 +e*tYiE
Blt] (—1+x2w+e4j“t} (1+%*w) 22tV xuw s[t])

Commutator@andP = odosimp [?timesP - Ptimes®?]
i
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General quadratic Hamiltonian (in Heisenberg’s picture) and required commutators

H=a[t] *odomult[P, P] + b[t] * odomult[?, @] +
c[t] *odomult[®, P] -Ixd[t] -£f[t] *x@-g[t] *P

e 2ivIt] (_Dd+x w) e?iv[t] (Dd+x w)
~id[t] - £[t] V2 Va Vadu _Eltl )
V2 Blt] Blt]
2 e 2iv[t] (_Dd+x w) e2ivlt] (DAd+x w)
V2 | 2o A2 le ) at]
glt] -
Blt]

i (_ e?2ivit] (-Dd+x w) . e?iv[t] (Dd+x w) ) Bt]

Vz Vo Vz Va |
N Blt]

Dd2 e 41vIt] (_1+e4j17{[t])2
4wpB(t)?
((1+e““t]> x\Vw -2e2ivIt] 5[t])

1
4B[t)?

blt]

e

/ (2Vw B1e12) +

e-tivlt] ((1+e4w[t1> (_1+X2w+@4iﬂt1 (1+X2w>> _
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—;Ddz et (24 (14 M) aft] + (14 et YY) /3[t]2)2 +
4wpt]?

1

2w plt]2

Dd(e74j7[tJ (2 <_1 +e41‘t?{[t}) O([t] -1 <1+(e4]i)’[t}> B[t]z)

(/S[t] (-11 (-1+e* V) x Vo Bre] +2e2 IV St 4
2 a[t] ((1+<e““t]) xVo —2e2ivitl ergg)) s 1
4p3([t]?

e 4 ivIit] (—B[t]2 (<_1+e4w[t}) (1-x?w+et Y (11 x20)) BIe]2+

41tV (1 et TP 2w BIE] S[t] -4et T YIM S[E]?) 4

4at]? ((1+<e““t]> (—1+x2w+<e4j”t} (l+x2w)> -
L R e N T O A L
40[t] Blt] (2 e2ivIt] 51¢] ((1 cet 1Y) x Vo -2 e2iVIE) s[t]) -
iB[t] (17X2w+<e8jl“t] <1+X20J) -
2 @2 tvit] (—1+<e4”[t]) x Vo e[t])))]
Timing[{®timesH = odomult[?, H], Htimes?® = odomult [H, @]};]
{162.865, Null}

Commutator@andH = odosimp [?timesH - Htimes®?]

 pae? Il (i (1t i) et s
2w Blt]
2a[t] (21 (-1+et V) o[t] + (1+eivIt) gLej2)) « e Zivit]
2 B[t]

(—zjie“ﬂﬂ glt] B[t] +iclt] ((1+e4mt}) xVw -2 e2ivt] g[t]) ;
2alt] (B[t] ((—1+e““t1) x\w B[t] +2 1 e2ivlt] 6[t]) ;

21 a[t] ((1+e4”m) x Vo - 2e2ivlt e[t]>))

Timing [ {PtimesH = odomult [P, H], HtimesP = odomult [H, P]};]
{179.51, Null}
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CommutatorPandH = odosimp [PtimesH - HtimesP]

iDde?tvIt] (2 (—1 +e4”m) b[t] +

2w Bt
clt] (2 (—1+<e4”[”)o([t]_j<1+e4iﬂt})/3[t]2)>+ 1 e 21v[t]
2 3[t]

(211@2”“} £[t] B[t] -21ib[t] ((1+<e4”[t1) x o -2 e2ivit] s[t]) ;
clt] (—B[t] ((_1+e“ﬂﬂ)xﬁ5[t] +21’1<e2”[”5[t]) -

21 a[t] ((1+e4”m) x\w -2 e?ivt] g[t])))

Checking Heisenberg’s equations of motion for general quadratic Hamiltonian (in capital Greeks)

D[?, t] + I *x Commutator?andH

i ;Dde"““ﬂ (i (-1+e** ") clt] +2alt]
2w Blt]
(2 (-1+e* ) afe] + (1+e* ) BIE]?)) + L e2ivie
23[t]

(—211@2”[” glt] Bt] +1ic[t] ((1+<e4”[t1) xVw -2 e2ivt] e[t]) +

2alt] (B[t] ((-1+e4”[t1) xVo Bt] +21e2ivtl 5[t

+

2iaft] ((1+et ) xw - 22t e[t])))] -

e?t¥(¥] (-Dd+xw) , €?*VIY] (Dd+xw) ) B t]

Ny V2 o N
V2 B[t]2

elt] f[t]

+
Blt]?
_ iv2 e?ivIt] (-Dd+xw) ¥ [t] + i4/2 e2ivit] (Dd+xw) ¥y’ [t]
N Vo )
V2 B[t]
e [t]
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%/.{a’'[t] >-b[t] -2c[t] a[t] - 4a[t] a[t]®+a[t] B[t]*,
B'[t] »-(c[t] +4alt] a[t]) B[t], ¥ [t] »-a[t] B[t]?, & [t] -
£[t] +2g[t]l a[t] -c[t] 6[t] -4a[t] a[t] 5[t] +2a[t] B[t]’e[t],
e'[t] »g[t] B[t] -2a[t] B[t] 6[t]}

1 e 2t (-pd+xw) e?!¥[t (Dd+xw)
- + (-c[t] -4a[t] a[t]) +
V2 Blt] V2 Vu V2 Vo
1 iv2 e2ivit] (_pd+xw) alt] B[t]2 i
V2 Bt Vo
ivV2 e2iv[t) (Dd+xw) a[t] Bt]?2 )
Vo
glt] Blt] -2aft] B[t] &6[t] ) (-c[t] -4alt] alt]) e[t] )
Blt] Blt]
1 [;Dde'zj“t} (i (-1+e* ") c[t] +2alt]
2w Blt]
(2 (-1+e* ) afe] + (1+e* ) BIE]?)) + L v
23[t]

(—2je2”[t1 glt] Bt] +1ic[t] ((1+<e4”[t1) xVu - 2e2ivIE] e[t]) ;

2alt] (/B[t] ((-1+e“”t1) xvVo BIt] +21 iVt 5[t

+

21a[t] ((1+<e4”[t1) x\w -2e?ivit] e[t])))]

FullSimplify[%]
0

D[P, t] + I *x CommutatorPandH;
%/.{a'[t] »-b[t] -2c[t] a[t] -4a[t] a[t]®+a[t] B[t]*,

B'[t] » - (c[t] +4a[t] a[t]) B[t], ¥ [t] »-a[t] B[t]?, &' [t] -

f[t] +2g[t] a[t] -c[t] 6[t] -4a[t] a[t] 6[t] +2a[t] B[t]3 e[t],
e'[t] >g[t] B[t] -2a[t] B[t] &[t]};

FullSimplify]

%]

0
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Creation-annihilation operators in Heisenberg’s equations of motion for general quadratic Hamiltonian
(in capital Latin)

(A= Exp[2 «I» y[t]]/ (2%B[t] * (0) " (1/2)) »
(w + B[t]1"2 + 2*xIxa[t]) *» (W*X+IxP)/ (2*%w)"(1/2) +
Exp[-2 *I* y[t]]/ (2*xB[t]l*w”(1/2))* (w-PB[t]"2+2*I*xa[t]) *
(w*X-I*P)/ (2*xw) " (1/2) - (2%xw)”"(-1/2) *
((wxe[t]) /B[t] -I*(65[t] - (2*xa[t] xe[t]) /B[t])),
B=Exp[2 *I* y[t]]/ (2*%B[t]*(w)"(1/2)) *
(w - B[t]172 - 2*xIxa[t]) *» (w*X+IxP)/ (2*%w)"(1/2) +
Exp[-2 *I* y[t]]/ (2*B[t]l*w”(1/2))* (w+PB[t]"2-2*Ixa[t]) *
(w*X-I*P)/ (2*xw) " (1/2) - (2%*w)”"(-1/2) *
((wxe[t]) /B[t] +I* (65[t] - (2*a[t] xe[t]) /B[t]))};:
AtimesB = odomult[A, B];
BtimesA = odomult[B, A];

CommutatorAandB = odosimp [AtimesB - BtimesA]
1

Timing[{AtimesH = odomult[A, H], HtimesA = odomult[H, A]};]
{240.304, Null}

Timing[{BtimesH = odomult[B, H], HtimesB = odomult [H, B]};]
{344.684, Null}

CommutatorAandH = odosimp [AtimesH - HtimesA];
CommutatorBandH = odosimp [BtimesH - HtimesB] ;

D[A, t] + I * CommutatorAandH;
%/.{a’[t] >-b[t] -2c[t] a[t] -4a[t] a[t]®+a[t] B[t]*,
B'[t] »-(c[t] +4alt] a[t]) B[t], ¥ [t] »-a[t] B[t]?, & [t] -
flt] +2g[t] a[t] -c[t] 6[t] -4a[t] a[t] 6[t] +2a[t] B[t]®e[t],
e'[t] »g[t] B[t] -2a[t] B[t] 6[t]};
FullSimplify[%]
0

D[B, t] + I *CommutatorBandH;
%/.{a’'[t] >-b[t] -2c[t] a[t] - 4a[t] a[t]®+a[t] B[t]*,
B'[t] » - (c[t] +4a[t] a[t]) B[t], ¥ [t] »-a[t] B[t]?, & [t] >
f[t] +2g[t] a[t] -c[t] 6[t] -4a[t] a[t] 6[t] +2a[t] B[t]3e[t],
e'[t] »g[t] B[t] -2a[t] B[t] 6[t]};
FullSimplify [%]
0
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Derivation of Ermakov-type System from the Heisenberg
Equations for Time-dependent Quadratic Hamiltonian

Annihilation operator

Timing[HeisenbergA = FullSimplify[D[A, t] + I * CommutatorAandH]]
1

22 wpB[t]?

@Mmﬁ1kszdbﬁ]ﬁﬁ]+21waH]Bﬁ]+4deaﬁ]aﬁ]5ﬁ]—

{83.3669,

4xw?alt] aft] Blt] +2iDdwalt] B[t]®-2ixw?alt] B[t]’+
cl(t] B[t] ((Dd—xw) <w—2110c[t] +/3[t]2> +
eVt (Dd+xw) (-w+2ialt] +Bt]?) +
2e2iYtl [y (1 B[t] 5[] + (w—zja[t])€[t]>)—

2iDdB[t] ' [t] +21ixwB[t] o’ [t] +DAdw B [t] - xw? B [t] +
2iDdaft] B [t] -21ixwalt] B/ [t] +DAB[t]% B [t] -
xwB[t]?B[t] +2iDdwBlt] ¥ [t] -21ixw’ B[t ]vr’[t]—
4Ddalt] Blt] ¥ [t] +4xwalt] BIt] Y[t ]fZJLDdB[ 13y [t] +
2ixwpB[t]}y [t ]+j&j“” (Dd +xw) (2b +
2wa-u [t] pna [tﬁ)+1(w+21ann;?u]+
u [t] n]g[]+2(w+2jau]+5uﬁ)ywu))+
eV Ny (-1 f[t] Blt]2+wglt] Blt]?-2walt] Blt]2S[t] -
2ib[t] B[t] e[t] +4walt] a[t] B[t] e[t] -
2ip[t] e[t] a[t] +welt] B [t] +21ialt] e[t] B[t] +
LBIE12 O[] - (w+2ialt]) BlE] ' [¢]) )}

heisenbergA = HeisenbergA (V 2 wpB[t] 2) ;
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Expand[heisenbergA]
~ibde 2! VM pbt] B[t] +iDde? ¥ F blt] Blt] +ie? ¥ H xwb[t] B[t] +

. 1 . 1 .
ie? " xwb[t] Blt] + —Dde* ¥ welt] B[t] - —Dde* Ml wc[t] B[t] -
2 2

lce*zmuchz[t]B[t]fiezmﬂxwzc[t]B[t]+2Do1ce’2]‘”“”wa[t]or[t]B[t]—

2 2

2pde?' "t walt] aft] flt] ~2e 2 VM xw?alt] aft] Blt] -2 VM xw?alt] alt] Blt] -
ipde? ¥t clt] []B[t]+1’1Dde2”[t]C[t] aft] Blt] +ie? "M xwe[t] a [tJB[t]+
ie?* M xwelt] alt] Alt] -iVe f[t +w?glt] Blt]?+iDde? VP walt] Bt]?+
iDde? Yt yalt] B[t}3—1e’““t]xw a[t} 5[t]3+1e2”[t1xw alt] B[t13+
iDd(e*““fmc[tj/a[tjhimdezl‘”fft]c[t}/3[t]3—1 e 2Vt xwelt] BIE]3 +

2 2 2

le“ﬂﬂ xwelt] BIt]13-2w?alt] B[t]%6[t] +iw c[t] B[t]?6[t] -
2

2i+w b[t] B[t] e[t] +w¥?c[t] Blt] e[t] +4w¥?a[t] a[t] B[t] e[t] -
2]'1\/Uc[t}a[t]/3[t]a[t]—dee’““t]B[t} O(’[t]+1LDde2“’t]/3[t] a'[t] +
ie? Y xwplt] o [t] +ie? Y xwplt] o [t] -2iVw Blt] e[t] a[t] +

2 pde? iV y g e] - = pde? M wp [t 1—£ e? iVt x 2 B[t ]—i
2 2 2 2
iDde 2t YEl g[t] B [t] —iDde? Yt o[t] B [t] -1e? Y xwalt] B[t] -

e vt x w2 B[t +

. 1 . 1 .
ie? " xwalt] p[t] + —Dde ' YIMI B[£]2 B [t] + —Dd e VIH BIt]% B [t] -

2 2
ie’“””xwﬁ[t]zﬁ’[ﬂ+§ez”[t]xwﬁ[t]zﬁ’[t1+w3/2€[t] B[t] +
2iuw «a [t] B [t] +1Dde? Yl yB[t] v [t] +iDde? ¥ *l wB[t] v [t] -
le*“ﬂﬂxw 5[ Ty [t] +1e? i xw?2 B[t] v [t] -2Dde 2t ¥[8 o[t] B[t] ¥ [t] -
2pd e’ VIl alt] BlE] ¥ [t] +2e 2P VIE ]xwa[ t] BlE] Y[t }—Ze”“”xwa[t]mt} Y [t] -
JLDde’““]B[t}3y[t]+iDd<e””t]/3[ t]3 [t]+1e2mﬂxw/3[ t]3 y’[t}+
ie? iV xwpt]® v [t] +iVow Bt t] -w¥?2B[t] e [t] -21iVw a ] €' [t]

Coefficient[Collect[heisenbergA, Dd], DA]

L oe2iviel (-2ib[t] Blt] +4walt] alt] B[t] +

2
ija[t]/S[t] +clt] ] (w-21iaft] +B[t]?) +
et VIt o[t t](w+2110(t]+ [t]%) -2iB[t] o' [t] +
wB [t] +21alt] B[t] +BIL]* B (L] +21wB L] ¥ [t] -

B
4alt] BIt] ¥ [t ]—zw[ ] y'[t]we‘*””
(2b[t] B[t] +2walt t] (21 [t]2)+j(w+21a[t])/3[t]+
Blt] (2a’[t]—15[] [t]+2(w+21a[]+5[t]) tl)))
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Coefficient[Collect[heisenbergA, x], x]

ie—Ziy[t}

2

(2iwb[t] B[t] -4w?alt] alt] B[t] -2iw’alt] B[t]> -wec[t] B[t]
(w-2ialt] + [t]z) ret Yy elt] BIt] (~w+2ialt] +B[E]?) +
2iwB[t] o' [t] —w? B [t] -2iwalt] B[t] ~wp[t]?B[t] -
21wrR[t] Y [t] +dwalt] Blt] ¥ [t] +21wB[t]3y [t] +1ettVIEly
(2 [ ]B[t]+2wa[t]B[t] (2iaft] +B[t]?) +i (w+2ia[t]) B [t] +

t] (2a/[t] -iB[t] B[t] +2 (w+2ialt] +B[t]?) ¥ [t])))

heisenbergA /. Dd->0/.x->0
1 e-21ivIit]
2

(2e?* 7 Vo clt] BIt] (1AIE] 6[t] + (w-2ialt]) e[t]) +2e? 1Vt Vo
(-if[t] Blt)* +wglt] BIt]* - 2walt] B[t]*S5[t] -21b[t] B[t]

eft] +4walt] aft] Blt] e[t] -21B[t] e[t] o' [t] +welt] B [t] +
2ialt] e[t] B lt] + iBIE12& (] - (w+2ialt]) Blt] &' [¢])]
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{Together [Coefficient [Coefficient[Collect [Expand[heisenbergA] /.
Complex[x ,y ]=>»x+i*y, Dd], DA], i, 0]] =0,
Together [Coefficient [Coefficient[Collect [Expand[heisenbergA] /.
Complex[x ,y ]=>»x+i*y, Dd], DA], i, 1]] =0,
Together [Coefficient [Coefficient [Collect [Expand[heisenbergA] /.
Complex[x ,y ]l=»x+1i*y, x], x], i, 0]] == 0,
Together [Coefficient [Coefficient[Collect [Expand[heisenbergA] /.
Complex[x , y ]l=»x+i*y, x], x], i, 1]] ==0,
Together [Coefficient [Expand [heisenbergA] /. Dd>0/.x->0/.
Complex[x_, y ]=»x+ixy, i, 0]] =0,
Together [Coefficient [Expand [heisenbergA] /. Dd->0/.x->0/.
Complex[x_, y_ ]=»x+ix*xy, i, 1]] =0}

{—%e-““” (~welt] Blt] +e* M welt] Blt] -4walt] aft] B[t] +

4 et ivIt] walt] a[t] B[t] - c[t] B[tJ3_(e4i7([t] clt] Bt]3 -
wp [t] +e PV g e] - Bl A [t] - et PP BIE]P B[t +
4aft] BIt] ¥ [t] +4e* M alt] BlE] ¥ [t]) =0,

e 2ivItl ((p[t] ] + etV bt] Blt] ~clt] alt] B[] +
eVt c[t] a[t] B[t] +walt] B
Blt]l a'[t] +e*Y*I B[] o [t] +

Y
0, —%e-“ﬂ” w(welt] Blt] +e* " welt] Blt] +4walt] alt] BIt] +

ae*ivitl yalt] aft] B[t] +c[t
wp [t] +et P W [t] + B[t]?

1 BIt]° -e* M c[t] BlE] +
pBit] —et Pt Bre)2 B[] -

pBt] —et VIt o
[

4alt] Blt] v [t] +4e* P alt] Bt] ¥ [t]) =0,
e2ivItl oy (b[t] Blt] + e* V(M b[t] BIt] +c[t] alt] Bt] +
(e4i7([t] cl[t] a[t] B[t] ~walt] B[t]3+e4iy[t} walt] B[t]3+
Bltl o' [t] +e* PV IH BIt] &/ [t] - aft t] B[t] -
]
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Solve[%, {a'[t], B'[t], ¥ [t], & [t], € [t]}]

{{o[t] > - an—Zc[]aﬁ]—4ah]ﬂtﬁ+ah]ﬁnﬂ,
B'[t] »-clt] B[t] -4alt] a[t] BIt], ¥ [t] > -a[t] B[t]?,
£lt] +2g[t] alt] —c[t] 6[t] -4alt] a[t] 6[t] +2a[t] B[t]’e[t],
e'[t] >glt] Blt] -2a[t] B[t] 6[t]}}

Sort[First[%]] // TableForm

a'lt] » - b[ ] -2c[t]aft] -4alt] a[t]?+a[t] B[t]*

clt] Blt] -4aft] alt] B[t]

alt] B[t]?

flt] +2g[t]aft] —c[t] 6[t] -4alt] a[t] 5[t] +2a[t] B[t]’e[t]
glt] Blt] -2alt] Blt] 6[t]

Blt] =
Y ([t] -
& [t] -
e [t] -

Creation operator
Timing[HeisenbergB = FullSimplify[D[B, t] + I * CommutatorBandH] ]

1
{151.118,

22 wpt]?

@“”“]@debﬁ]Bﬁ]—ijwbﬁJBﬁ]+4deaﬁ]aﬁ]5ﬁ]—
4dxw?alt] aft] B[t] +21iDdwalt] B[t]®-21ixw?alt] B[t]3+
cn]ﬁu](md—xm(w+21am]—ﬁmﬁ)—

e VY (DA + xw) (w+2ialt] +B[E]?) +

221V [y (—1iB[t] S[t] + (w+21a[t]) e[t])] +

2iDdA[t] & [t] -2ixwB[t] & [t] +Ddw B [t] -xw? B [t] -
2iDdalt] B [t] +21ixwalt] B/ [t] -DAB[t]2R[t] +

xwpB[t]*B[t] +2iDdwBt] ¥ [t] -2ixw? Blt] ¥ [t] +
4pdaft] Bt] ¥ [t] -4xwalt] B[t ?
3

]y [t] +21DdB[t]”° ¥ [t] -
ijwB[] Y [t] - et ivitl wd+x ) (2ib[t] B[t] +
t] (4walt] Blt] -21iwB[t]?) + (w-21ialt]) B [t] +
t] (2ia/[t] +B[E] B[t] +21 (~w+2ialt] +B[t]?) ¥ [t])) +
zénﬂJvawjfﬁ]Bﬁf+wg[]Bﬁf—Zwaﬁ]mtﬁéﬁ]+
2ibt] Blt] e(t] +4dwalt] al[t] B H]e[]+
2iB[t] e[t
[

] e
Jo'[t] +welt] BIt] -21ialt] e[t] B[t] -
LBIE126 (] - (w-2dalt]) Blt] €'[t]))}

heisenbergB = HeisenbergB ('\/ 2 wpB[t] 2) ;
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{Together [Coefficient [Coefficient[Collect [Expand[heisenbergB] /.
Complex[x ,y ]=>»x+i*y, Dd], DA], i, 0]] =0,
Together [Coefficient [Coefficient [Collect [Expand[heisenbergB] /.
Complex[x ,y ]=>»x+i*y, Dd], DA], i, 1]] =0,
Together [Coefficient [Coefficient [Collect [Expand[heisenbergB] /.
Complex[x ,y ]l=»x+i*y, x], x], i, 0]] == 0,
Together [Coefficient [Coefficient[Collect [Expand[heisenbergB] /.
Complex[x ,y ]l=»x+i*y, x], x], i, 1]1] ==0,
Together [Coefficient [Expand[heisenbergB] /. Dd->0/.x->0/.
Complex[x ,y ]=»x+i*xy, i, 0]] =0,
Together [Coefficient [Expand [heisenbergB] /. Dd-»0/.x->0/.
Complex[x , y ]=»x+ixy, i, 1]] =0};
Solve[%, {a'[t], B'[t], ¥ [t], & [t], € [t]}];
Sort [First[%]] // TableForm

o' [t] > -b[t] -2c[t] a[t] -4a[t] a[t]?+alt] B[t]*

B'lt] »-clt] B[t] -4alt] alt] B[t]

Y [t] »-alt] B[t]?

5[t] »f[t] +2gt] a[t] —c[t] 6[t] -4a[t] al[t] 6[t] +2a[t] B[t]3e[t]
e[t] »g[t] B[t] -2a[t] B[t] O[t]



