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A B S T R A C T

This paper investigates the amplitude–voltage response of parametric resonance of coaxial vibrations of double-
walled carbon nanotubes (DWCNTs) under electrostatic actuation. The system under investigation consists of
a DWCNT parallel to a ground plate and under AC voltage. This voltage produces a nonlinear electrostatic
force leading the DWCNT into vibrations. There is a nonlinear intertube van der Waals force between the two
coaxial carbon-nanotubes. In coaxial vibration, the two concentric nanotubes move together synchronously.
The AC frequency is near the fundamental coaxial natural frequency of the DWCNT. This leads to parametric
resonance. The case of small damping, soft electrostatic actuation, and DWCNTs with a high length to diameter
ratio (Euler–Bernoulli beam model), is considered. Modal analysis is performed to decouple the equations
of free vibrations in their linear part. The solution of the nonlinear problem is then found in terms of
modal coordinates. Reduced Order Models (ROMs) using from one to five modes of vibration are used for
investigation. Three methods are used to solve these models, (1) the Method of Multiple Scales used to solve
the ROM using one mode of vibration, (2) continuation and bifurcation analysis of the five modes of vibration
(5T) Reduced Order Model (ROM) using AUTO-07P, and (3) numerical integration of 5T ROM using Matlab. All
models and methods are in excellent agreement for amplitudes lower than 0.4 of the gap, while at amplitudes
larger than 0.4 only 5T-ROM provide reliable results. The effects of detuning frequency and damping on the
amplitude–voltage response of DWCNTs under electrostatic actuation are reported. The importance of the
results in this paper are the effect of damping and detuning frequency on the subcritical and supercritical
bifurcations, as they define the voltage intervals DWCNT reaches nonzero steady-state amplitudes.
. Introduction

Within the field of Nano-Electro-Mechanical Systems (NEMS),
ouble-Walled Carbon Nanotubes (DWCNTs) constitute a growing re-

earch topic. DWCNTs have excellent mechanical and electrical proper-
ies, and they can be used as sensors [1–5], lasers [6–8], and
anoswitches and transistors [9,10]. For DWCNTs mass resonator sen-
ors, one uses electrostatic actuation. Systems under this type of ac-
uation experience a phenomenon of pull-in instability [3,11]. Free
ibration response of coaxial vibrations of DWCNTs has been previously
eported [3].

In many applications, DWCNTs’ high electrical conductivity, ther-
al stability, and transmittance have made them a very good candidate

ver traditional materials. Hou et al. [10] reported the best performing
WCNTs as transparent conductive films. Manufactured via catalyst
hemical vapor deposition method with sulfur as growth promoter and
ethane as carbon source, their DWCNTs displayed desirable electrical
roperties due to their long lengths and high structural integrity. Since
he ability to mass produce high quality DWCNTs, NEMS researchers

∗ Corresponding author.
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have taken an interest in them as field-effect transistors (FETs). Liang
and Wang [12] sought the opportunity to make use of the DWCNT’s in-
ner tube as a gate; they noted that due to the 0.34 nm spacing between
the inner and outer tube, their design outperformed single-walled
carbon nanotube FETs by providing better gate control.

Ouakad and Younis [13] estimated the natural frequencies and
mode shapes of electrically actuated initially curved carbon nanotubes
and investigated the role of various parameters affecting these frequen-
cies. They used a 2D nonlinear curved CNT beam model to simulate
the coupled in-plane and out-of-plane motions of the CNT. A ROM
using a multimode Galerkin procedure was derived. They predicted
‘‘the transfer of energy among vibration modes involved in the veering
phenomenon’’.

Xu et al. [14] investigated the vibration of DWCNTs aroused by
nonlinear intertube van der Waals forces. The inner and outer car-
bon nanotubes were modeled as elastic beams. The harmonic balance
method was used to predict the relationship between the amplitudes of
deflection and the frequencies of coaxial and noncoaxial free vibrations.
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They reported that ‘‘van der Waals forces have a greater effect on the
noncoaxial free vibrations than the coaxial free vibrations’’.

Hajnayeb and Khadem [15] used Euler–Bernoulli beam theory to
model clamped clamped DWCNTs under electrostatic actuation. Their
model included linear damping, stretching terms, and nonlinear inter-
tube van der Waals force, and electrostatic force due to AC and DC
voltage. Using a perturbation method and long-time integration, they
predicted amplitude–voltage responses under primary and secondary
resonance conditions. DWCNTs experienced softening and hardening
behavior depending on the value of DC voltage. When the AC frequency
was at either coaxial or noncoaxial frequency, the other mode was
‘‘damped out in the steady-state response because of system damping’’.

Caruntu and Juarez [3] reported the amplitude–frequency response
of parametric resonance of coaxial transverse vibrations of electrostat-
ically actuated DWCNT. They showed that ‘‘increasing voltage and/or
decreasing damping resulted in a larger range of frequencies for which
pull-in occurs’’.

This work is an extension of Caruntu and Juarez [3]. To the best
of our knowledge this is the first time when the amplitude–voltage
response of parametric resonance of coaxial vibrations of electrostati-
cally actuated DWCNT resonators is reported. The bifurcation diagram
shows three bifurcations: subcritical, supercritical, and saddle–node.
This indicates that there are cases in which the pull-in phenomenon
cannot occur, which makes the DWCNT an excellent candidate for
sensing applications. Sweeping up the voltage, the DWCNT from a
zero steady-state amplitude suddenly jumps to a larger amplitude when
reaching the subcritical bifurcation point. Sweeping down the voltage,
the steady-state amplitude of the DWCNT increases to larger values
after reaching the supercritical bifurcation point until reaching the
saddle–node bifurcation point where then suddenly jumps to a zero
amplitude. This behavior can be used as a sensing mechanism having
the advantage that pull-in does not occur. The models and the methods
of investigations are presented in more detail in Ref. [3], as well as
the tables with data used for numerical simulations of present work.
The DWCNT is electrostatically actuated with an AC frequency near
the first coaxial natural frequency. The nonlinearities arise from the
intertube van der Waals and electrostatic forces. Reduced order models
(ROMs) [3,16–18] up to five modes (5T ROM) of vibration are used
to transform the partial differential equation of motion into a system
of ordinary differential equations. MMS of 1T ROM is also consid-
ered for analytical approximation [3,16]. Taylor polynomials are used
to approximate the nonlinear electrostatic force. A modal coordinate
transformation is used for both MMS and ROM, whereby a modal
truncation provides a reduced model without loss of generality. Also,
numerical integrations of ROMs (2T-5T ROM) of vibration are used to
investigate the parametric resonance of coaxial vibrations of DWCNTs.

This is the first time when ROMs using up to five modes of vibra-
tion [3] have been used to investigate the amplitude–voltage response
of parametric resonance of coaxial vibrations of electrostatically ac-
tuated DWCNT resonators. Lastly, the effects of detuning frequency
and damping parameter on the DWCNT amplitude–voltage response are
reported.

2. Differential equations of motion

The dimensionless partial differential equations describing the mo-
tion of the carbon nanotubes of the DWCNT are given by [3]:

⎧

⎪

⎨

⎪

⎩

𝐴∗ 𝜕
2𝑤1

𝜕𝜏2
+ 𝐼∗

𝜕4𝑤1

𝜕𝑧4
= 𝑓 𝑣𝑑𝑊 𝑇−𝑇

𝜕2𝑤2

𝜕𝜏2
+

𝜕4𝑤2

𝜕𝑧4
= −𝑏∗

𝜕𝑤2
𝜕𝜏

− 𝑓 𝑣𝑑𝑊 𝑇−𝑇 + 𝛿𝑓 𝑒𝑙𝑒𝑐 cos2 𝛺∗𝜏
(1)

here z is the dimensionless longitudinal coordinate, 𝜏 dimension-
ess time, 𝑤1 (𝑧, 𝜏) and 𝑤2 (𝑧, 𝜏) are the dimensionless deflections of
nner and outer CNTs, respectively, 𝐴∗ dimensionless cross-section area,
∗ dimensionless cross-section moment of inertia, 𝑏∗ dimensionless
amping, 𝛿 dimensionless voltage parameter, 𝛺∗ dimensionless AC
2

frequency, 𝑓 𝑣𝑑𝑊 𝑇−𝑇 dimensionless intertube van der Waals force, and
𝛿𝑓 𝑒𝑙𝑒𝑐 cos2 𝛺∗𝜏 the electrostatic force acting on the outer CNT [14],
where

𝑓 𝑣𝑑𝑊 𝑇−𝑇 = 𝐶1
∗(𝑤2 −𝑤1) + 𝐶3

∗(𝑤2 −𝑤1)3 (2)

𝑓 𝑒𝑙𝑒𝑐 =
[

(1 −𝑤2)2 − 𝑠2
2]−

1
2 ln−2

(

1 −𝑤2
𝑠2

+

√

(1 −𝑤2)2

𝑠22
− 1

)

(3)

with 𝑠2 = 𝑅2∕𝑔 where g is the gap distance between the outer
NT and the ground plate, and 𝐶1

∗ and 𝐶3
∗ are the dimensionless

oefficients linear and cubic terms of intertube van der Waals force.
he dimensionless variables of Eqs, (1–3) are given by

𝑛 =
𝑦𝑛
𝑔
; 𝑧 = 𝑥

𝓁
; 𝜏 = 𝑡

𝓁2

√

𝐸𝐼2
𝜌𝐴2

(4)

where 𝑛 = 1,2, 𝓁 is the length of the DWCNT; x and t are the di-
ensional longitudinal coordinate and dimensional time, respectively;
1 (𝑥, 𝑡) and 𝑦2 (𝑥, 𝑡) are the dimensional deflections of inner and outer

CNTs, respectively, E Young modulus, and 𝜌 density. The dimensionless
arameters of Eqs. (1)–(3) are as follows
∗ =

𝐴1
𝐴2

, 𝐼∗ =
𝐼1
𝐼2

,

𝑏∗ = 𝑏𝓁2
√

𝜌𝐴2𝐸𝐼2
, 𝛿 =

𝜋𝜀0𝓁4𝑉02

𝐸𝐼2𝑔2
, 𝛺∗ = 𝛺𝓁2

√

𝜌𝐴2
𝐸𝐼2

,

𝐶1
∗ =

𝐶1𝓁
4

𝐸𝐼2
, 𝐶3

∗ =
𝐶3𝑔2𝓁4

𝐸𝐼2

(5)

where 𝐴1, 𝐼1 and 𝐴2, 𝐼2 are the cross-section areas and moments of
inertia of the inner and outer CNTs, respectively, b damping per unit
length, 𝜀0 permittivity of vacuum, 𝛺 dimensional AC frequency, and
𝐶1 and 𝐶3 the linear and cubic intertube van der Waals coefficients,
respectively [14], and 𝑉0 the amplitude of the AC voltage. The values
of the physical constants and dimensional parameters of the DWCNT
can be found in Ref. [3].

A linear viscous damping model [3,19] under medium vacuum and
room temperature conditions is considered. The viscous damping force
is assumed to act only on the outer carbon nanotube. This assumption is
based on the fact that the carbon nanotubes are modeled as concentric
cylinders, and the intertube damping is negligible when compared to
van der Waals intertube forces. The values for the physical constants
and dry air conditions for viscous damping can be found in Ref. [3].
The electrostatic force acts only on the outer CNT (Faraday Cage
Effect) [2,3,11,20,21].

3. Coaxial vibrations and AC frequency

Modal coordinates transformation: The intertube van der Waals force
couples the two concentric CNTs. A Reduced Order Model (ROM) with
one mode of vibration, 𝑤1 = 𝑢1(𝜏)𝜙1(𝑧), 𝑤2 = 𝑣1(𝜏)𝜙1(𝑧), where 𝜙1(𝑧)
s the first cantilever mode shape, and 𝑢1(𝜏) and 𝑢2(𝜏) are inner and
uter tube functions of time, respectively, is used for the linearized
ystem of partial differential equations of Eqs. (1). This linearized
ystem describes DWCNT linear free vibrations. The linearized system
f equations is then decoupled using modal coordinates r. The modal
oordinate transformation for the DWCNT system is given by

𝑢1 𝑣1
]𝑇 =

[

𝑐 𝑑

𝑒 𝑓

]

[

𝑟1 𝑟2
]𝑇 (6)

where c, d, e, and f can be found in Ref. [3]. Afterwards, using these
odal coordinates, the nonlinear Eqs. (1) become decoupled in their

inear part as [3]

̈ + 𝛬𝑟 = 𝑃 𝑇𝑀− 1
2 𝐹 (𝑟), 𝛬 =

[

𝜔2
1 0

0 𝜔2
2

]

(7)

where 𝑟 =
[

𝑟1 𝑟2
]𝑇 , 𝜔1 = 3.07309 and 𝜔2 = 29660.65309 are the

DWCNT’s coaxial and non-coaxial frequencies of resonance [3], and F
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is the column matrix of applied forces of Eq. (1) after the substitution
of modal coordinate transformation given by Eq. (6). To be able to use
Eq. (7) with nonlinear terms, 𝑤1 = 𝑢1(𝜏)𝜙1(𝑧) and 𝑤2 = 𝑣1(𝜏)𝜙1(𝑧)
are substituted into Eq. (1) which is then multiplied by the operator
∫ 1
0 ∙ 𝜙1(𝑧)𝑑𝑧. The following coefficients result 𝑔𝑘 = ∫ 1

0 𝜙𝑘+1(𝑧)𝑑𝑧, [3,22].
The dimensional AC voltage in this work is as follows:

𝑉 = 𝑉0 cos𝛺𝑡 (8)

where 𝑉0 and 𝛺 are the dimensional amplitude and dimensional circu-
lar frequency of the AC voltage, respectively.

In the case of parametric resonance of coaxial vibrations, the
dimensionless AC frequency 𝛺∗ is near first coaxial natural frequency
𝜔1

𝛺∗ = 𝜔1 + 𝜎 (9)

where 𝜎 is the detuning frequency. Since the electrostatic force is given
by 𝛿𝑓 𝑒𝑙𝑒𝑐 cos2 𝛺∗𝜏 or 𝛿𝑓 𝑒𝑙𝑒𝑐

[

1∕2 +
(

𝑒2𝑖𝛺∗𝑇0 + 𝑒−2𝑖𝛺∗𝑇0
)

∕4
]

, one can see
that the frequency of the electrostatic force is twice the AC frequency,
Eq. (9). Therefore, the resonance the DWCNT experiences is parametric
resonance.

4. Methods of investigation

4.1. Method of multiple scales (MMS)

The dimensionless electrostatic force Eq. (3) is approximated using
a Taylor polynomial as follows:

𝑓 𝑒𝑙𝑒𝑐
(

𝑤2
)

=
3
∑

𝑘=0
𝛼𝑘𝑤

𝑘
2 (10)

onsider 𝑏∗ and 𝛿 to be small, i.e. the system is under small damping
nd soft excitation. The intertube coefficients are large value parame-
ers. Setting the small parameters to a slow time scale by multiplying
hem by a small dimensionless bookkeeping parameter 𝜖, Eqs. (7)

become:
⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

𝑟̈1 + 𝜔1
2𝑟1 = 𝑐𝐶3

∗ (𝑒𝑟1 + 𝑓𝑟2 − 𝑐𝑟1 − 𝑑𝑟2
)3 𝑔3+

𝑒

[

𝐶3
∗(𝑐𝑟1 + 𝑑𝑟2 − 𝑒𝑟1 − 𝑓𝑟2

)3𝑔3 − 𝜀𝑏∗(𝑒𝑟̇1 + 𝑓 𝑟̇2)

+𝜀𝛿
3
∑

𝑘=0
𝛼𝑘𝑔𝑘(𝑒𝑟1 + 𝑓𝑟2)𝑘 cos2 𝛺∗𝜏

]

𝑟̈2 + 𝜔2
2𝑟2 = 𝑑𝐶3

∗ (𝑒𝑟1 + 𝑓𝑟2 − 𝑐𝑟1 − 𝑑𝑟2
)3 𝑔3+

𝑓

[

𝐶3
∗ (𝑐𝑟1 + 𝑑𝑟2 − 𝑒𝑟1 − 𝑓𝑟2

)3 𝑔3 − 𝜀𝑏∗(𝑒𝑟̇1 + 𝑓 𝑟̇2)

+ 𝜀𝛿
3
∑

𝑘=0
𝛼𝑘𝑔𝑘(𝑒𝑟1 + 𝑓𝑟2)𝑘 cos2 𝛺∗𝜏

]

(11)

here the values of coefficients 𝛼𝑘 can be found in Ref. [3]. Consider
ast 𝑇0 = 𝜏 and slow 𝑇1 = 𝜀𝜏 time scales, and first-order expansions of
1 and 𝑟2 as follows:

𝑟1 = 𝑟10 + 𝜀𝑟11

𝑟2 = 𝑟20 + 𝜀𝑟21
(12)

where 𝑟10, 𝑟20, and 𝑟11, 𝑟21 are the zero-order and first-order approxi-
ation solutions, respectively [3,14]. A first-order expansion for each
isplacement in Eq. (12) gives good results. There is no need to go for
igher-order expansions. The time derivative is then expressed in terms
f derivatives with respect to the fast and slow scales. Substituting
qs. (12) into Eq. (11) two problems result, namely, zero-order problem
3

and first-order problem [3]. For the zero-order problem consider 𝑟10
nd 𝑟20 to be as follows:

𝑟10 = 𝑝(𝑇1)
[

𝑒𝑖𝜔𝑇0 + 𝑒−𝑖𝜔𝑇0
]

𝑟20 = 𝑞(𝑇1)
[

𝑒𝑖𝜔𝑇0 + 𝑒−𝑖𝜔𝑇0
]

(13)

nd use the Harmonic Balance Method (HBM) [3,14]. Solving for
mplitudes p and q yields to the amplitude–frequency response of the
ero-order MMS problem. DWCNT free vibrations of coaxial vibrations
nd noncoaxial vibrations have been previously investigated [3,14]. In
he case of coaxial vibrations 𝑢1 = 𝑢2. This leads to:

⋅ 𝑟10 + 𝑓 ⋅ 𝑟20 − 𝑐 ⋅ 𝑟10 − 𝑑 ⋅ 𝑟20 = 0 (14)

n the case of parametric resonance of coaxial vibrations, the dimen-
ionless AC frequency 𝛺∗ is near coaxial frequency 𝜔1, Eq. (9). For MMS

this results into

𝛺∗𝑇0 = 𝜔1𝑇0 + 𝜎𝑇1 (15)

where 𝜎 is the detuning frequency. Substituting Eqs. (13)–(15) into the
first-order problem, collecting the secular terms, and set the deriva-
tives with respect to the slow time scale equal to zero leads to the
steady-state solutions [3]. The amplitude–voltage steady-state solutions
𝑎1, 𝛿 are zero amplitude solutions for the entire range of voltage
investigated, and nonzero amplitude solutions given by

𝑎1 =

√

8𝑒2𝑏∗𝜔1

𝛼3𝛿𝑒4𝑔3
⋅

1
sin 2𝛾

−
2𝛼1𝑔1
𝛼3𝑒2𝑔3

(16)

𝜎 = −
𝛼1𝛿𝑒2𝑔1
8𝜔1

(2 + cos 2𝛾) −
𝛼3𝛿𝑒4𝑔3
16𝜔1

[3 + 2 cos 2𝛾] 𝑎12 (17)

where

𝛾 = 𝜎𝑇1 − 𝛽 (18)

and

𝑝 = 1
2
𝑎1𝑒

𝑖𝛽 , 𝑞 = 1
2
𝑎2𝑒

𝑖𝛽 (19)

4.2. Reduced order model (ROM)

Reduced Order Models (ROMs) with two or more modes of vibration
are used in this paper. Eq. (1) can be written as

⎧

⎪

⎨

⎪

⎩

𝐴∗ 𝜕
2𝑤1

𝜕𝜏2
+ 𝐼∗

𝜕4𝑤1

𝜕𝑧4
= 𝑓 𝑣𝑑𝑊 𝑇−𝑇

𝜕2𝑤2

𝜕𝜏2
+

𝜕4𝑤2

𝜕𝑧4
= −𝑏∗

𝜕𝑤2
𝜕𝜏

− 𝑓 𝑣𝑑𝑊 𝑇−𝑇 + 𝛿 cos2 𝛺∗𝜏
∑5

𝑘=0 𝑎𝑘𝑤
𝑘
2

(20)

where 𝑓𝑒𝑙𝑒𝑐 was replaced by a fifth-degree Taylor polynomial at the
denominator [3,23]. ROMs with larger number of modes of vibration
have been reported to be accurate for strong nonlinearities and high
amplitudes [18]. The solutions of the dimensionless deflections are
assumed as follows
⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝑤1(𝑧, 𝜏) =
𝑁
∑

𝑖=1

[

𝑐𝑖 ⋅ 𝑟1𝑖(𝜏) + 𝑑𝑖 ⋅ 𝑟2𝑖(𝜏)
]

𝜙𝑖(𝑧)

𝑤2(𝑧, 𝜏) =
𝑁
∑

𝑖=1

[

𝑒𝑖 ⋅ 𝑟1𝑖(𝜏) + 𝑓𝑖 ⋅ 𝑟2𝑖(𝜏)
]

𝜙𝑖(𝑧)
(21)

where N is the number of ROM terms (modes of vibration), 𝜙𝑖 are
cantilever mode shapes, and 𝑟1𝑖(𝜏) and 𝑟2𝑖(𝜏) are the time functions to
be determined. Note that 𝑧 = 1 characterizes the tip of the cantilevered
structure. Modal truncation has been reported in the literature, i.e. the
amplitudes of the non-resonant mode (noncoaxial in this case) are
negligible [3,15]. In present work only 𝑟1𝑖(𝜏), 𝑖 = 1,2,. . .N, modal
coordinates are significant. Therefore, for numerical efficiency, without
loss of generality, Eq. (20) after a modal coordinate transformation,
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Fig. 1. Electrostatically actuated DWCNT cantilever to include damping and intertube
van der Waals forces [3].

modal truncation of 𝑟2𝑖(𝜏), and multiplication of the denominator at
the right-hand side [3], becomes

𝑁
∑

𝑖=1

𝜕2𝑟1𝑖
𝜕𝜏2

( 𝑁
∑
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5
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)
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+
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𝑒𝑖𝛿ℎ𝑛 cos2 𝛺∗𝜏

(22)

here 𝑛 = 1, 2,. . . , N, and 𝑗1, 𝑗2...𝑗𝑘 = 1, 2,. . . , N. The values of 𝑎𝑘
oefficients can be found in Ref. [3]. Coefficients h are as follows:

𝑛 = ∫

1

0
𝜙𝑛𝑑𝑧, ℎ𝑛𝑗1 = ∫

1

0
𝜙𝑗1𝜙𝑛𝑑𝑧, ℎ𝑛𝑗1𝑗2 = ∫

1

0
𝜙𝑗1𝜙𝑗2𝜙𝑛𝑑𝑧⋯ℎ𝑛𝑗1𝑗2…𝑗𝑘

= ∫

1

0
𝜙𝑗1𝜙𝑗2 …𝜙𝑗𝑘𝜙𝑛𝑑𝑧 (23)

It should be noted that ℎ𝑛𝑖 = 𝛿𝑛𝑖, where 𝛿𝑛𝑖 is Kronecker’s delta.

5. Numerical simulations

The data used for numerical simulations of present work dealing
with parametric resonance of coaxial vibrations of electrostatically
actuated DWCNT, Figs. 1 and 2, can be found in Ref. [3]. ROM
with five modes of vibration has been solved using AUTO-07P, a
software package for continuation and bifurcation, in order to pre-
dict the amplitude–voltage response. The same ROM was numerically
integrated using the MATLAB solver ode15s, a ‘‘multistep, variable
order solver based on numerical differentiation formulas’’ [24,25], in
order to predict time responses of the system. Also MMS was used
in this investigation. MMS is a perturbation technique [26,27] that
is utilized due to the ease of identifying amplitude–voltage responses
for weak nonlinearities and low amplitudes. MMS provides an approx-
imate analytical solution for ROM with one mode of vibration. To
investigate solutions of higher amplitude and verify those of smaller
amplitude, ROMs with a larger number of modes of vibration have
been used. While more accurate at higher amplitudes, ROMs are more
time-consuming.

Fig. 3 shows the amplitude–voltage response of the parametric
resonance of coaxial vibrations of DWCNT using 5T ROM AUTO, MMS,
and 5T ROM time responses from initial amplitudes of 𝑈0 = 0 and
𝑈0 = 0.5. In the horizontal axis is the dimensionless voltage parameter
𝛿, and in the vertical axis the dimensionless steady-state amplitudes
𝑈max and 𝑉max of the free ends of the inner and outer carbon nanotubes,
respectively. 𝑈 and 𝑉 are equal in the case of coaxial vibrations.
max max

4

Fig. 2. DWCNT Cross Section [3].

Dash and solid lines represent the unstable and stable solutions, re-
spectively. This response is characterized by two bifurcations at zero
amplitude, subcritical bifurcation point A and supercritical bifurcation
point B, and another bifurcation point C in higher amplitudes. For any
initial amplitude and any given dimensionless voltage 𝛿 to the left of
bifurcation point C and to the right of supercritical bifurcation point B,
the amplitude will settle to zero. Conversely, for any initial amplitude
less than 1 and any voltage between the bifurcation points A and B,
he amplitude will settle on the higher amplitude stable branch BC.
or voltage between the bifurcation points A and C, depending on the
nitial amplitude 𝑈0, the amplitude of DWCNT will settle to zero or an
mplitude on the stable branch BC.

In the case of the voltage being swept up, the DWCNT experiences
zero steady-state amplitude until the subcritical bifurcation point A is

eached. Here, the DWCNT loses stability and it experiences a sudden
ump up in amplitude to about 0.8 of the gap on branch BC. Next, the
teady-state amplitude decreases along branch BC until it reaches a zero
alue at the supercritical bifurcation point B, and then remains at this
alue. In the case of the voltage being swept down, the steady-state
mplitude is zero, and it remains zero until it reaches bifurcation point
. Then the amplitude increases along branch BC until it reaches the

bifurcation point C. At this point, the DWCNT loses stability and the
amplitude suddenly jumps down to zero, and stays zero as the voltage
continues to be swept down.

The ROM and MMS predictions are in excellent agreement for
amplitudes less than 0.4 of the gap. For amplitudes larger than 0.4 of
the gap, MMS fails to accurately predict the behavior of the system.
MMS fails to predict the bifurcation point C that occurs at higher
amplitudes, and it underestimates the softening effect. This is expected
since MMS is a method valid for weak nonlinearities and small to
moderate amplitudes.

Fig. 4 illustrates the convergence of the ROMs with respect to the
number of the modes of vibration of the ROM. Numerical simulations
using AUTO-07P, shows the amplitude–voltage responses for numbers
of modes of vibrations in the ROM between two and five. One can see
that there is no significant difference between 4T ROM AUTO and 5T
ROM AUTO for all amplitudes. The 2T ROM AUTO solutions show a
significant difference in predicting the bifurcation points, indicative of
low accuracy when not enough terms are considered. There is no need
to check for higher terms above 5T ROM since five terms is shown to
be appropriate for accurate predictions.

Fig. 5 shows that the solution converges with the increase of the
degree of the Taylor polynomial in the denominator for 5T ROM,
Eq. (20). Similar to the term convergence shown in Fig. 4, a numerical
solution convergence may be seen in the fifth degree of the Taylor
polynomial of the electrostatic force in the denominator, with an
excellent approximation of higher steady-states amplitudes.
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Fig. 3. Parametric resonance of DWCNT coaxial vibrations; amplitude–voltage response using MMS, five terms (5T) ROM AUTO with a 5th degree Taylor polynomial in the
enominator, Eq. (20), and five terms (5T) ROM Time Responses with a 5th degree Taylor polynomial, b* = 0.00035, 𝜎 = −0.00025.
Fig. 4. Convergence of the amplitude–voltage response for DWCNT resonator using two terms (2T ROM AUTO), three terms (3T ROM AUTO), . . . , and five terms (5T ROM AUTO),

and a second degree Taylor polynomial in the denominator, Eq. (20), b* = 0.00035, 𝜎 = −0.00025.
Fig. 6(a–d) show time responses using 5T ROM for b* = 0.00035
nd 𝜎 = −0.00025 considering various initial amplitudes and values
f voltage, where 𝑢 = 𝑤1 (1, 𝜏) and 𝑣 = 𝑤2 (1, 𝜏). They are in excellent
greement with the voltage response from 5T ROM AUTO, as shown
n Fig. 3. Fig. 6 (a–b) characterize the behavior to the left of the
ubcritical bifurcation point A, where regardless of initial amplitude,
he DWCNT will settle to zero amplitude stable solution. Similarly,
ig. 6(d) shows the behavior to the right of the supercritical bifurcation
oint B, where regardless of initial amplitude, the deflections will reach
ero amplitude. Fig. 6(c) shows the typical behavior of deflections in
etween the two subcritical and supercritical bifurcation points A and
, respectively, where the amplitudes will settle at the higher amplitude
table branch BC.
5

Fig. 7 shows the effect of detuning frequency 𝜎 on the amplitude–
voltage response. Increasing the detuning frequency causes the su-
percritical bifurcation point B to significantly shift to lower voltages.
The bifurcation point C is shifted to lower amplitudes and higher
voltage. Furthermore, the voltage interval between the subcritical and
supercritical bifurcation points A and B, leading to nonzero steady-state
amplitudes decreases with the increase of detuning frequency.

Fig. 8 illustrates the effect of damping b* on the amplitude–voltage
response. Increasing damping on the electrostatically actuated DWCNT
shifts the subcritical bifurcation point A to larger voltages and the su-
percritical bifurcation point B to lower voltages. Essentially, increasing
damping reduces the voltage interval leading to nonzero steady-state
amplitudes. It also reduces the value of the peak amplitude.
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Fig. 5. Convergence of the amplitude–voltage response (5T ROM AUTO) of the DWCNT resonator using denominator Taylor polynomial from second to fifth degrees, b* = 0.00035,
= −0.00025.
Fig. 6. 5T ROM time responses, b* = 0.00035, 𝜎 = −0.00025, (a) Initial amplitude 𝑈0 = 0, 𝛿 = 0.04, (b) Initial amplitude 𝑈0 = 0.5, 𝛿 = 0.04, (c) Initial amplitude 𝑈0 = 0.5, 𝛿 = 0.1,
d) Initial amplitude 𝑈0 = 0.5, 𝛿 = 0.16.
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. Discussion and conclusions

This work deals with amplitude–voltage of coaxial parametric res-
nance of electrostatically actuated cantilever DWCNTs to include the
ntertube van der Waals forces. The amplitude–voltage response and
he effects of detuning frequency and damping on the response were
redicted. ROMs using from one to five modes of vibration were
eveloped in order to investigate the response. ROM with one mode
f vibration was solved using MMS. ROMs with two to five modes of
ibration were solved using AUTO-07P, a software for continuation
nd bifurcation. Both methods predicted the response. Also, the ROM
ith five modes of vibration was numerically integrated using MATLAB
 t

6

or predicting time responses of the system [16–18,22,28]. All three
ethods were in agreement for amplitudes lower than 0.4 of the gap.

or amplitudes larger than 0.4 of the gap, only ROM using five modes
f vibration predicted accurately the amplitude–voltage response of
he DWCNT. The effects of damping and detuning frequency on the
ubcritical and supercritical bifurcation points A and B are important
s these points define the interval of voltage for which DWCNT reaches
onzero steady-state amplitudes.

Notice that while MMS, and ROMs solved using AUTO provide only
teady-state solutions, the ROMs solved using Matlab, i.e. numerical
ntegration, provide time responses which include a transient response
hat settles to a steady-state amplitude.
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Fig. 7. Effect of detuning frequency 𝜎 on voltage response, MMS and 5T ROM AUTO, fifth degree Taylor polynomial in the denominator, Eq. (20), b* = 0.00035.
Fig. 8. Effect of dimensionless damping b* on voltage response, MMS and 5T ROM AUTO, fifth degree Taylor polynomial in the denominator, Eq. (20), 𝜎 = −0.00025.
].
The amplitude–voltage response of parametric resonance of electro-
statically actuated microelectromechanical system (MEMS) cantilever
resonators (not DWCNTs) was recently investigated by Caruntu et al. [29
ROM convergence and influences of detuning frequency and damping
were similarly investigated. While the amplitude–voltage responses dis-
play similar nonlinear and stability behavior for parametric resonance
of MEMS cantilevers and coaxial transverse vibrations of DWCNTs, for
the same dimensionless amplitudes (with respect to the gap distance),
the following differences are noted: (1) the values of detuning frequen-
cies, to produce similar amplitudes in the amplitude–voltage response,
are about 50 times smaller for DWCNT than MEMS cantilevers, (2) sim-
ilarly the values of damping are about 100 times smaller, and (3) there
7

is a smaller range of voltages between the subcritical and supercritical
bifurcation points A and B that will result in steady-state non-zero
amplitudes. While MMS and ROM are similarly used, the novelty of this
work lies in the application of modal coordinate transformation, modal
truncation, and a different electrostatic force model for MWCNTs that
involves a Taylor expansion in the denominator in ROM.

Similar modeling for an electrostatically actuated SWCNT has been
previously investigated, where molecular dynamics (MD) and nonlo-
cal beam modeling are compared to Euler–Bernoulli continuum beam
theory [23]. This modeling has been shown to be valid for long slender
CNTs. A model limitation is that this work does not investigate thermal
vibrations [30].
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Recent developments on Casimir force (another quantum dynamics
effect besides van der Waals force) influence on NEMS cantilever
resonators response (frequency–amplitude) have been reported in the
literature [31].
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