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frequency of the plate. This results in primary resonance of the system. Two methods are
used and compared, namely the Method of Multiple Scales (MMS), and Reduced Order
Model (ROM). Both methods are in excellent agreement for amplitudes less than 0.4 of
the gap. For amplitudes between 0.4 and 1 of the gap only seven terms ROM accurately
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Primary resonance predicts the behavior of the system. The effects of the voltage and damping parameters on
MEMS circular plate resonators the frequency response are reported.
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Soft AC electrostatic actuation

1. Introduction

Micro/Nano-Electromechanical Systems (M/NEMS) are excellent candidates for a large number of applications due to their
low energy consumption and cost. Such applications are relay switches, frequency filters, mass flow sensors, accelerometers
and resonators [1]. MEMS beams and/or plates consist of elastic beams [1] (cantilever or bridge) and/or elastic plates above
a parallel rigid ground plate. MEMS plate structures are used as micropumps, microphones, and other micro sensors [2].
Micropumps cover a wide variety of applications such as drug delivery, chemical synthesis, chemical detection, cooling
of electrical circuits, and inkjet printing [3]. Methods of actuation include piezoelectric, electrostatic, thermo-pneumatic,
pneumatic, shape memory alloy, bimetallic and electromagnetic [3].

Electrostatic actuation of MEMS devices allows for simple design, effective fast response, and accurate control of the de-
vice. Both Alternating Current (AC) and/or Direct Current (DC) are used for electrostatic actuation. The voltage is applied be-
tween a suspended flexible microplate and a parallel fixed ground plate electrode. The voltage creates an electrostatic force
between the plates causing the flexible microplate to deflect towards the ground plate. The deformation creates an elastic
restoring force within the plate [4]. Electrostatically actuated MEMS plates experience an instability phenomenon, similar to
buckling, called ‘pull-in,” i.e. the microplate collapses onto and sticks to the ground plate. The critical voltage which causes
the pull-in instability phenomenon is referred to as ‘pull-in voltage’ [2,4]. The pull-in instability limits the MEMS device’s
maximum displacement. This is a major concern for the design and testing of MEMS devices [5]. The pull-in phenomena
occur due to the nonlinearity of the electrostatic force which is inversely proportional to the square of the distance of the
gap between the flexible plate and the ground plate [2]. Saddle-node bifurcation is a type of instability [5] experienced
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Fig. 1. Electrostatically actuated MEMS uniform circular plate suspended above a parallel ground plate.

by nonlinear systems. The stability of these devices is highly sensitive to physical parameters such as its initial amplitude,
initial velocity, frequency of excitation and the environment they are exposed to [6]. Slight changes in temperature cause
the resonance frequency of the device to change [7]. The influence of temperature on the behavior of devices such as annu-
lar and circular plates has been investigated in an effort to improve their stability [8,9]. MEMS are highly sensitive. Energy
dissipation becomes more significant as their sizes keep decreasing [7]. One cause of energy dissipation is thermoelastic
damping, which was found to be a significant cause of energy loss near room temperatures for MEMS resonators [7].

Reduced Order Model (ROM) is a numerical method that can be used for investigating the behavior of MEMS. Nayfeh
and Vogl have studied the behavior of electrically actuated clamped circular plates using ROM method [10,11]. Another
method that can be used is the method of multiple scales (MMS) which is an analytical perturbation method. Caruntu et
al. [6,12] investigated the primary resonance of microcantilevers using MMS and ROM. Their model takes into consideration
the effects of Casimir force and the fringe effect. Similar numerical and analytical approaches have been conducted for in-
vestigating the behavior of clamped-clamped arches. A softening effect before pull-in has been reported in this case [13].
Amplitude frequency response is a very important characteristic of MEMS resonators and it consists of steady-state ampli-
tudes of vibration dependence on the excitation frequency while the voltage is kept constant [12,14,15]. Bifurcation points of
the frequency response provide the frequencies at which the stability of the system changes. Therefore, amplitude frequency
responses are used to predict the changes in stability, pull-in, and hardening or softening effects. Other investigations using
MMS and ROM to obtain the amplitude frequency response of a resonator have been published by Caruntu and Martinez
[14], Caruntu et al. [12], Caruntu and Knecht [6], and Caruntu and Taylor [16].

This paper investigates the amplitude-frequency response of axisymmetric vibrations of clamped circular plates electro-
statically actuated by soft AC voltage of frequency near half natural frequency of the plate. This results in primary resonance
of the system as showed afterwards. This investigation is conducted using MMS and two integration techniques for the ROM
method, one uses AUTO to obtain the amplitude-frequency response, and the second uses Matlab to obtain time responses
to additionally test the behavior of the system.

To the best of our knowledge, this is the first time when a direct comparison between MMS and ROM up to seven terms
(seven modes of vibration) for the primary resonance frequency response of electrostatically actuated MEMS circular plates
is conducted. It is showed that MMS is valid for amplitudes less than 0.4 of the gap, beyond this point being unreliable.
Conversely, ROM is valid for all range of amplitudes provided a sufficient number of terms are considered. In this work the
convergence of ROM shows that seven terms provide an accurate behavior of the primary resonance of the MEMS plate. The
effects of voltage and damping parameters on the frequency response show opposite effects. The increase in voltage and
increase in damping result in increase and decrease of the nonlinear effect in the system, respectively.

2. Differential equation of motion

The system consists of a deformable clamped circular plate suspended above a parallel rigid ground plate as shown in
Fig. 1. R is the outer radius of the uniform circular plate, h the thickness, d the gap between the plates, and w the deflection
of the plate. The dimensionless equation of axisymmetric vibrations of circular plates under electrostatic actuation given by
AC voltage only is as follows [17]
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where ¢ is dimensionless time, r dimensionless radial coordinate, and u(r, t) dimensionless deflection of the plate. They are

given by
i f ~ | D
=z - — S 2
T Tp t./ ShRE (2)

The variables i, 7, f are the corresponding dimensional variables. The parameters from Eq. (1) are p dimensionless
damping coefficient, § dimensionless voltage coefficient, Q* dimensionless AC excitation frequency, where D is flexural rigid-
ity. They are given by

R4 Rig*V2 | phR ER3
w=2e| e S=Sp =95 D= (3)

Dimensional characteristics of a typical MEMS circular plate used in this work can be found in Refs. [17,18]. Two methods
are used in his work for investigating the frequency response of the primary resonance of the electrostatically actuated
microplate, namely MMS and ROM method.

3. Method of multiple scales

MMS is a perturbation method valid for weakly nonlinear systems and small amplitudes and it is the first method of
investigation used in this work. In this work soft actuation and weak damping are considered. Two scales are considered
for this MMS model, namely the fast scale Ty =t and the slow scale T; = ¢ - t. In order to use MMS, the electrostatic terms
of the equation are expanded in Taylor series. Therefore Eq. (1) becomes

UL 8(1+2u + 3u + 4u3)cos?Q*
W+8ME+P[u]=8 (14 2u + 3u” + 4u°)cos” Q*t (4)
where the operator P is given by
04 209> 10> 19
P:[&4+r&3_ﬂ&¢+ﬂml )

The bookkeeping device ¢ is used on the assumed weakly nonlinear terms and damping. Consider a first order MMS
expansion of the deflection as follows

U=1Ug+ € Uy (6)

where uy and uq are the zero order and first order components of the solution to be determined. The derivative with
respect to time, using the time scales Ty and Ty, is d/dt = Dy + &€ D1, Dy = 0/0Ty, D1 = 9/0T;. The AC voltage in this work is
of frequency ©2* near half the natural frequency w), of the plate. The AC frequency 2* can be written as

Q*:%+80’ (7)

where o is the frequency detuning parameter. Due to the fact that the electrostatic force is proportional to the square of
the voltage the system experiences primary resonance. Substituting Eqs. (6,7) and the time derivative in terms of the two
time scales into Eq. (4), expanding the resulting equation, and then collecting the £° and &! terms and setting their sums
equal to zero, results into two problems, namely zero-order and first-order problems given by

% : Djuo + Plug] = 0 (8)
el Douy +P[u1] = —2DgDqug — /LDouo
1
+ 8cos? (iwkTo + oTl) [1+ 2uq + 33 + 4u3] 9)
The solution of Eq. (8) along with the boundary conditions for a clamped uniform circular plate give the solution for ug

Uo = ¢ (NIA(Ty e + A(Ty e~ ¥™] (10)

where ¢, are the mode shapes of vibration and w) the corresponding natural frequencies, Table 1. The equation of the mode
shapes of vibration for a circular plate is given by

Table 1
First seven dimensionless natural frequencies for clamped circular plates.

N=1 N=2 N=3 N=4 N=5 N=6 N=7

wy 10216 39.771 89.104  158.183  247.005  355.568  483.872

_ (JVoxr)  Io(Jayr)
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For non-uniform structures, dynamic modal characteristics and methods of finding them can be found in Refs. [19-23].
Substituting Eq. (10) into Eq. (9), expanding the right hand side of the resulting equation, multiplying it by the operator
given below

1
fo -t (rydr 02

and set it equal to zero in order to satisfy the solvability condition of orthogonality to any solution of the homogeneous
equation, and then collecting the secular terms (e/“k®0) and set them equal to zero gives the secular terms equation as
follows

. . 1. o
2/ gy — piwiAgs + Z(Sez“’“g1 + 8Ag,
+ A2<%56’2i"rl>g3 + 2A/\<%8e2i”‘)g3 + 68A%Ag, =0 (13)

where A’ is the derivative of the complex amplitude A with respect to the slow time scale Ty, and g, coefficients are
given by

1
gm =/ r(rydr, m=1.4 (14)
0
The complex amplitude A given by
_ 1 e L
A_zae and A_zae (15)

where a and 6 are real amplitude and phase of the motion. Replacing Eq. (15) into Eq. (13), and separating the imaginary
and real terms, results into two equations. Denoting

y =20T; -0 (16)
the steady-state solutions (a’ = ' = 0) are given by
4 pong | |16 Woig  4g
= a2 g [ k2 2oL (17)
3 dg3siny 9 §2g2sin’y 383
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4. Reduced order model

Reduced Order Model (ROM) is the second method used in this research. ROM is a numerical method valid for both weak
and strong nonlinearities and both low and high amplitudes of vibrations provided a sufficient number of terms (modes of
vibration) is considered. ROM is more accurate than MMS, it gives a better understanding of pull-in instability of the system.
A comparison between the two methods is conducted afterwards. The dimensionless deflection u(r,t), i.e. the solution of
Eq. (1), is considered as

N
u(r,t) = > u(t)i(r) (19)

i=1

where N is the number of ROM terms, ¢;(r) mode shapes given by Eq. (11), and u;(t) time functions to be determined.
Eq. (1) is multiplied by (1 —u)?2 to result into an equation with no denominators. Substituting Eq. (19) into the resulting
equation and multiplying it by the operator given by Eq. (12) for k = n, one finds the N ROM equations as follows:

N2y [ 1 N 1 N ;
l; a2 (/0 r¢”¢"dz_2j=21“1/0 rongigdz + Zkujuk/(; r¢n¢i¢j¢kdz>
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Table 2
System constants.
Permitivity of free space  &*  8.854e-12  C%/N/m? [17,18]
Young's modulus E 150.6 GPa [17,18]
Poisson’s ratio v 0.23 [17,24]
Density of material o 2330.0 kg/m? [17,18]
Table 3
Dimensional system parameters.
Radius of plate R 250.0 pum [17,18]
Initial gap distance  d 1.014 pum [17,18]
Plate thickness h 3.01 pum [17,18]
Damping [ 2.014  Ns/m3 [17]
Voltage Vo 1.044 V [17]
Table 4

Dimensionless system parameters.

Voltage parameter § 0.200
Damping parameter [ 0.005

where n=1,2,...,N. The system of N second order differential Eq. (20) is transformed in a system of 2 N first order differential
equations which is then integrated using two software packages: Matlab for finding time responses of the system, and
AUTO 07P, a software for continuation and bifurcation problems, for finding the frequency response of the system. The
time responses given by Matlab are used to obtain the steady-state amplitudes in order to additionally test the results
given by ROM using AUTO. ROM simulations using AUTO are conducted for N=2,3,4,5,6,7 terms in order to investigate
the convergence of the method. The frequency response is the relationship between the amplitude of vibration and the
frequency of electrostatic excitation, as shown in the next section. Different cases are shown to study the effects of the
actuating voltage, and the damping on the frequency response. ROM numerical simulations are conducted for * near half
natural frequency of the plate, Eq. (8) for € = 1, leading the system to primary resonance. ROM results are then compared
to MMS results.

5. Frequency response of primary resonance — numerical simulations

Numerical simulations are conducted for investigating the frequency response of the primary resonance of the electro-
statically actuated MEMS circular plate. The mode shapes of the clamped circular plate are given by Eq. (11). The corre-
sponding first seven natural frequencies are given in Table 1. The constants of the system and the dimensions of a typical
MEMS circular plate are given in Tables 2 and 3, respectively. The dimensionless parameters , § are found using Eq. (3) and
Tables 2 and 3, and they are given in Table 4. In this paper soft electrostatic AC actuation is used. The AC frequency is near
half fundamental natural frequency of the circular plate, i.e w; in Table 1 and k=1 in Eqs. (7), (17) and (18), which results
in a primary resonance phenomenon [17].

Fig. 2 shows the amplitude-frequency response of the electrostatically actuated MEMS circular plate in the case of soft AC
of frequency near half fundamental natural frequency of the plate using two methods, namely MMS and ROM. In the ROM
method seven terms (seven modes of vibration) are used. In the horizontal axis is the detuning frequency parameter, see
Eq. (7) for e=1, and in the vertical axis is Unqax the steady-state amplitude of the center of the MEMS plate. The amplitude-
frequency behavior of the MEMS plate is discussed next using ROM results. There are three branches of the response. The
solid branches are stable branches. The dash branches are unstable. There are two situations to be discussed, first when the
system reached steady-state and the frequency is swept up and down, and second when the frequency and initial amplitude
(other than steady-state) are given and the frequency is kept constant. In the first situation, as the frequency is swept up
the steady-state amplitude increases along branch 1 until reaches point A of amplitude 0.51 of the gap. At this point the
plate loses stability and the amplitude suddenly jumps to a value of 1 (the amplitude reaches the value of the gap), i.e. a
pull-in phenomenon occurs (contact between the MEMS plate and the ground plate). A is a saddle-node bifurcation point.
The arrows to the right and up show this behavior. As the frequency is swept down from larger frequencies the amplitude
increases along branch 3 until reaches point C where the system loses stability and undergoes a pull-in phenomenon. The
arrows to the left and up show this behavior. In the second situation, when the frequency is kept constant, the behavior of
the system depends on its AC frequency and its initial amplitude. If the frequency is less than the frequency of point B then
regardless of initial amplitude the plate settles to an amplitude on branch 1. If the frequency is between the frequencies
of points A and B, then the behavior of the system depends on the initial amplitude. Branch 2 is unstable. Therefore for
any initial amplitude below branch 2, the plate settles to a steady-state amplitude on branch 1. Fig 3a and 3b show time
response examples in this case. If the initial amplitude is above branch 2, then the system undergoes a pull-in phenomenon.
Fig. 3¢ shows a time response example in this case. If the frequency is between the frequencies of points A and C, this is
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Fig. 2. Amplitude frequency response of primary resonance (AC frequency near half fundamental natural frequency) for MEMS clamped uniform circular
plate using MMS and seven terms ROM (7T ROM). 1 =0.005, 6 =0.2.

called escape band, Fig. 2, then regardless of the value of initial amplitude, the plate undergoes a pull-in phenomenon.
Fig. 3d shows an example of time response in this case. If the frequency is greater than the frequency of point C regardless
the value (less than the gap) of the initial amplitude, the plate settles to a steady-state amplitude on branch 3. Fig. 3e and
3f show the time responses around point B. Initial amplitude of 0.9 of the gap and o = —0.029 places the initial point above
and to the right hand side of point B. Figs. 2 and 3e are in agreement both showing a pull-in phenomenon. Initial amplitude
of 0.9 of the gap and o = —0.035 places the initial point above and to the left hand side of point B. Figs. 2 and 3f are in
agreement both showing the system settles to an amplitude less than 0.2 of the gap on branch 1.

MMS and ROM are in excellent agreement for amplitudes less than 0.4 of the gap. For larger amplitudes ROM predicts
the behavior of the MEMS plate, while MMS fails. This is expected since MMS is a method valid for weak nonlinearities
and small amplitudes. MMS 1) overestimates both the amplitude and frequency of the bifurcation point A, point extremely
important for sensing applications. 2) It does not predict the pull-in instability point C. 3) It underestimates the range of
frequencies and the amplitudes of the unstable branch 3.

In conclusion only seven terms ROM (7T ROM) accurately predicts the behavior of the MEMS plate for all amplitudes.

6. Discussion and conclusions

Fig. 4 illustrates the convergence of the ROM method. The number of terms considered in the method is between two
and seven. One can notice that the bifurcation point A is predicted by any number of terms in the ROM. Conversely, only
the seven terms ROM predicts the pull-in instability point C and the upper limit of the unstable branch point B. Fig. 5 shows
a detail around point B of the convergence. In what follows the seven terms ROM is used to investigate the effects of the
voltage and damping parameters.

Fig. 6 shows the effect of the voltage parameter on the frequency response. One can notice that if the voltage parameter
is small the system has a linear behavior. As the voltage parameter increases the system experiences a nonlinear behavior.
The frequency of the bifurcation point A is shifted to lower frequencies while its amplitude is not significantly affected. If
the voltage is large enough then an instability pull-in point C is born. Also, the escape band enlarges.

Fig. 7 illustrates the effect of the damping parameter on the response. Small damping results into a nonlinear behavior
of the system. As the damping increases the bifurcation point A is shifted to higher frequencies and amplitudes, the in-
stability point C to lower frequencies, and overall the range of the escape band reduces. If the damping is large enough,
then the branches collapse onto each other resulting only one branch and a linear behavior of the system, with no pull-in
phenomenon possible.

One should mention that the approach in this work, namely using MMS and ROM methods, have been successfully used
not only for voltage response [17] of MEMS plates, but also for frequency and voltage responses of electrostatically actuated
Single Wall Carbon Natotubes (SWCNT), Ref. [25,26], and electrostatically actuated MEMS beam resonators [6,11-17]. “A
remark is necessary. Since model order reduction is a technique to reduce complex models to an associated state-space
dimension, i.e. a number of degrees of freedom, MMS in this work can be considered a reduced-order model, namely one
term (one mode of vibration) reduced order model as it uses only one mode of vibration. MMS is an analytical-approximate
method solving one term reduced order model, while ROM with more than two terms are numerically integrated,” [25]. In
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Fig. 3. (a) Time response using 7T ROM for MEMS clamped circular plate for. AC frequency near half fundamental natural frequency. Initial amplitude
Up=0; § =0.2, u =0.005, 0 =-0.025. (b) Time response using 7T ROM for MEMS clamped circular plate for. AC frequency near half fundamental natural
frequency. Initial amplitude Uy =0.5; § =0.2, ;£ =0.005, 0 =-0.025. (c) Time response using 7T ROM for MEMS clamped circular plate for. AC frequency
near half fundamental natural frequency. Initial amplitude Uy =0.9; § =0.2, u =0.005, 0 =-0.025. (d) Time response using 7T ROM for MEMS clamped
circular plate for. AC frequency near half fundamental natural frequency. Initial amplitude Uy =0; § = 0.2, u© =0.005, o0 =-0.01. (e) Time response using 7T
ROM for MEMS clamped circular plate for. AC frequency near half fundamental natural frequency. Initial amplitude Uy = 0.9; § =0.2, u =0.005, o =-0.029.
(f) Time response using 7T ROM for MEMS clamped circular plate for. AC frequency near half fundamental natural frequency. Initial amplitude Uy = 0.9;
§=0.2, u =0.005, 0 =-0.035.
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Fig. 4. ROM convergence of amplitude frequency response for MEMS clamped circular plate using two terms (2T ROM), three terms (3T ROM), ..., seven
terms (7T ROM). AC frequency near half fundamental natural frequency. ;=0.005, § =0.2.
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Fig. 7. Effect of damping parameter  on the amplitude frequency response for MEMS clamped circular plate using seven terms ROM (7T ROM). AC
frequency near half fundamental natural frequency. § =0.2.

conclusion, Figs. 2, 4 and 5 do not show a non-convergence of the ROM. Moreover these figures show ROM convergence
from one term ROM solved using MMS, Fig. 2, and from two terms to seven terms ROM solved numerically, Figs. 4 and 5,
using AUTO 07P, Ref. [27], a continuation and bifurcation software for ordinary differential equations. The convergence of
the ROM with the number of modes, compared against experimental data, has been reported in the literature [28].

One of the limitations of this paper is that it does not include experimental work. This will be the focus of a future
investigation.
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